- \5_?‘)\\_,‘_?)\ a0\ s -
CALCULUS

Textbook : CaIC_u(uS/ Fr'nney and Thoma s > 864&'4:'{'1'0'1 > 1990 .

b .
Reference : Calculus ) James Stewart , 16" o dition, 2003 .

Syllabus:

(- ?rcrec_\_u'\s.'tes S-or- C.qlCMllAS :

- Numbers and segs .
— Coardinates in fln.e Plane.
— Slope and equations for lines.

— Functions (Intervals, Domain Ranje >and (jm,bh)
- Sh"le/‘v of (jraflv .

— Even and odd Punction:s.

- Coni'c Ssectiomr.

— Trrqoviowme¢ric Fumcdion s.

— Absolute valwes and ;’ne#ua/it('e.v. -

2 - Liomits and cmv{-/nm't:y .

3 - Derivatives :
- DilSerential rules .
e \Ielocfty o sFe,eJ, and qcce/emﬁm.
- BDerilvative ""!. tr{%. Qunckims.
= C\'\.q;n r‘\de_ 5 .
- XM?.\\'C{\: é{m-&erenfl'df:fd“l--
- L' Hopital rule
— Paramet¢ric Q}U\ﬂfl’m-"-

t*.. App/r'qu_‘l'cms a:f derivatives.
- Related rates.

. — Maxima, Minima, c\nJ mearn value {-‘}\eorf»?.
— Gmrhir\_s og_ sr-U\nC{-ia»:!.

~ O P btimization .

B

e



Mhmd
Pencil


5- lvﬂce-iroct'\mq 2
- An’d&ivwﬂm .
== MLQJ ‘ﬂ’r?—ﬁrm\ y
L= Ylrsk angd Se.c_cmé S.Mvﬁkctmen{:—‘ll' fLeorem s,

—- 'Xv\"te_ﬁgrcy\r\"mn \°3 SubStitution .
— NU.MQ}’I“C_p;Q J"H-Wm{-/'m ( Tfa/ve%-oilq/ , MI'éllao/n-t-,anJ Simr&d‘n'fluk.

6 - App W emtions A delinite l'n{-ejrq/::
— Area bvetween Curves,
— Veolumes cr‘g_, Solvds .

= L‘Mj(’l‘ °'—»€ Curires .

— .Sur_face arex o:f salids.

Z- ranscendental ﬁunc{-/‘anf :

r — Inverse ,El.m.c{l'm.r.

i L Lvarl't/:m:'c ,eunc{-/'m.r )
’ - E?waenfl‘mf ‘)EWII.C{-I'MJ,
I

- Inverse 67*(] ftmc{z'm«u.

\1 8- %c/:m'?,uu vf :'n-éledraﬁm,

- L,{._g‘?rqf-f‘m Z’J )ba/f.r.
- Tﬂd Inr{-?ra/.rn '
[ = ‘77;(’5. Substrtutions.
- Integratsiom o{ ratimmal fun.ch'e_m ( Partral fra cé-:'ms)_

= IM/UI'Of er l'ﬂ-a‘?ra /s,

———

| 9_ Matrices. dexerminants , and Cramers rule.




What s calcalus ©

G lc,_ulus \SKSfUtLj 2% Q\r\amse s

Aiso\we Can c\eg-me Calculus as the part 010 MGMCMOLL"/CS
that deals with! limits.

Calaulus was g-ar.cf: created o meet tlw ma(-/temaélca/
nee_Jj o)[ {—/oe SCIEnf'/J('J d..f é’LC I; Cenfarj

In 17“‘ century , Lsaac Newton invented hrs versiom a.f
Calemlus in order 4o explan the motion of the p/qnez‘f

around -PL‘.{ sun.

_T?Jlofy , Calewlus (s used in :
- Cq(wlq{-mj the orbits of Ssatellr/tes and Space crafes. |
= Prec“cé-/’nj population size.

- Forec.qst-frf.j the- weather.

- Fore;qse-/v Ll dloba/ trend (ec‘.cnom]).

.l_. Desi:}m’no ’x--r-aj and ultra— Seund e-?,ur'/amem‘:s..
Wis MWs¢ i ’Pro\ctfu‘dly endless .
Tn enﬁineem’v ) Caleulus has wide qf/:"//Ca.f/‘onJ‘.

B)’l'ef'(j,- evej ﬂrclJ (:oJ:f] Uuses Cq/CAAIMS I'rz” Some wcy/ B
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CHAPYTER OWNTE=

PREREQUISITES FoR CALCULUS

Numbers and Seks :

@Numlper.f: We can cl§554'£_y t)\e numl,er.r méo

\~- Natural] numbers : o, |, 2, 3,0y --.

el ‘1213.}.4:"'
(Neo Aqreement about the number o) ,

2- Inteaer Mumbers: --- , =% , .2, 21, o , Vo 2,3, Ll

2- Rational numbers : Twe numbers that can be written

as ?_.,w\«e_re \D amcl" 0_‘_ are in{-e.jerr omJ ‘_7.:# o
0

- Yvrrational Nnumbers : TFor E‘xqule , VT . T, and 0.54¢g7

5. Re_u.\ numlnerf (R) : A\\, b\l«g Meqsun'nj- num}per,r.

@) Sets t A set is a callection ol distinct elements.

| There are tWo Ways to leseribe the seg:

1- By delNinition -
For e'quP\e: A IS a set cﬁ Colors o/" Zr‘q;,’ ,E/Qj

2- By braces }

For QXO!MF/& . A = ER&A ’ Wl'\'l‘te ’ G"een y, 'B‘qc kq(s : »
|
Subse+ © LY every element‘ °,£ set A i's also an e/emem‘

of set B  then A is said subset of g




(.%J ) ' e

E———————— —— 2oy |

1 1. Coork\m‘{;e_s an G:Y'GL\J\AS lr] ‘tl«.e the [ ‘,
: . AY—anxis i
+ve diveckiod e |
h& i 'g- Y I Cq_,\LOgA.Y'Qn‘t |
2 \MLJ-"OM{
. ¥ 6l P(ask)
[
-0 | -
< i | - X~axis!
. - o , E
—\Je é'lf'EC'E‘lW { C(?l"ls'n +ve A{re,c,t‘llm _
Q_'L " L—‘f:?--—n L cg- 2

QEa,<-k) —ve direckiom ) '
d ‘q.\kti&?qﬂ'l' ol ) th q,!kqér'ﬂn'l |
¥ ¥ . -

TFor t\"{ ?m'nt P

(a,b) * coardinagte Pair ,
A ! Y- Coordinate -
\o ¢ %—Cooré\"«_q-be ]

' |_“~; Point P ois xl, Point where *:La ?errehelfculq/-. l
| _ A
. to the X —oxis at a  crosses the )’efffl”a/l‘c,«]ﬂr to |

1 Pl \j-—q/xr'.r at b . S 2

| é E=py== -
' ' o must ee., Mmﬁorm i -
| Notes D The Sca/e I'n che A

E @ We do not need to wre the same ch/e on the twa axe.r
|
|
|

JE

Distance between pormts:

Neye are -b\aree cases

- () Horizontal distarce .
@ Vertical, distance
@ OLII‘%M distance .



&

@ Hovizontal distance : - &y

e diskance A s \A: x,__'x\\
Wheve : Kq = {'L\.g X -Coord inate Lor *Lq.

¥
('x'\,y)‘

Q
A (Kl;y)

= — e —

\r{%\/\k i\'\owxé ?o{v\‘c (Q) >
xXy = 'EX'\Q X~ Caordinate S“.qr ‘\-\\( © L
\Q.S\rk WNan A ?o'\v\{'K?J .
Ex.: Fimd tle distance be ¢wees (-2,3) and (4,3) .
s S d =Xy ~-Xy = $—-(-2)Y= € units
@ Vertical digtance: YA 9QUX, ¥4)
- |
L‘\ = 9, ~Y4 | Where: ¥,=J-coordinate For d]
— the upper point@Q) ’
5, =‘]-C-00fJ/'n.a-(e Lo r L P(%X,9))
the lower f_o/n‘(f} ° P :
- |
Ex. Find tle J.l'Sf-qflce between (3,_4) and (3 s—=1). |
S-'—Q- J:‘yz_y/:—l._(_' L}-) ___.__',+L/.: 3 Uﬂl"b'r" |
i
@ Obligue distance : I QXY |
. v P
i Use Ey{flflqjore.qn tlteorem : >// ' ,
o0 . y i
L Vv g Lvel i $
JK? X2 T

ExX. Frad the distance between (-1,2) ¥ (3,4). -

s ‘3 :JQX:.-'Xl P @9=-90F = ‘](3'4(-1))1*-(“!-”-)1 =VJ2o = V5 un/g

Intercepts: "W points where tL.e 3"'«,911 crosies i—Le'qfxe;

are called intercepts.
X~ n'né-emcpz‘ (5 the x.coo,,J,-m'«, of (.L,J,QPL aé_yzo -
Y- intercept i f'Lc.J-cuer'mﬂ-e of ('L-e(j(qu“q{. X=p.
Ex. Frnd the in+ercep8o{- the Itne Y=%x4+3 .

.{A..‘ F:O" ’X—I'nffrceff,(yco => o:')c./.jax._-__j
For & -~tnfercept . Xeg =2 Y=o+3=>Yy=23

o

s A= my and M =3 are A \nkercerts.

S

|
: ,J-M(Mop
. (=}
b oo X
VR
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Exercises \.\ / P.]

A \"ectcmg\(_ with

|

sides parallel to the axes has vertices

@'—\"AQ caardinatey °§,~ 'ANQ other HtWa Wrtices. ‘\9
() The avea ' ler-eckth\e. ' ! I‘
EiQ_‘@Sinc.e e sides ,F'm,q\\{\ 4o e axes k AL = (31-1)‘?-'\c|
o P is (—4,-2) and Qis (3o azf 1§ 1 -
® &= 3-EW=F o, 2= -2-H)= % i v i

=> Area % veckangles A\*A'z.':'?-*s

1.2 S\Q?e and E—cpxc\*ciuns Sor Lines:

Increments (net changes) : When a particle g
- Moves Si—row{ ? o Q . ,b\\g Ancrements P ;A:;:risé
AX and BY are : Ax = X -X) (myl_,. _____ { g
Nl g AX= rurn '
Ex. Frnd the increments 1\ o particle
moves Srom (Y4,-3) te (2,5).
S, A%z 2-4= -2 W Ay= 5-(-3)=Q
s\ = line ¢ -5
OPQ g— A M€ jf\ ‘ (IX'L}E"L) ;

| 0 = Bl Bl
. e sloye g-'_ a line =M= 2% %%

’im s constant Value in every point of the line.

(%p3)

'*m slope of vertical line is not defined TTA% |
l Sstnce m<= ..‘_blj.:_: .E'_'S—zoo . © —"Px
i LXK b el
i-%» e (*S\Q'VQ. og_ \\Qr{%onfo\] line 'S Zero S\."\Ce n = L‘J’x,:_s_ el i
; = ‘ Ax i
| \ \Wn %
E "M S\Q)?QS _o&_ ?qré \Q\ € are E_gr\;\,q\ . & |
i ‘ My = Mg l . ; ; %
} 510 . {

) :
l?e _“«Q S\Q?QJ sg’_ l?e_rf?Qﬂl \'C_M\ql‘ \ines are: —
‘ 7"? ¥ Mz = —| ] or IMIZ.——-—-"' | or M'L'::'l‘“"'- S w 1)l
| P Sl | _ M ™

. For example £ m, = -3 => m,_l_—TgL'

i



' ' slope
\:°S\'\-{w 5\0Fg4 negqt—\w Pes

_ E“-\.\hqt'mns Yor Lines :

| An e__gc\u\'tim x—or a \ine 'S an éavaiw "c\\at‘ '\s,Sa't'l:S;c/'e,J
\oj k-\u. C-o"sré\'m*es °g- QNU fofnt' on f[\e /l"l'e but /s not
,54-(-,'5,0,‘307 %/v {-L( c.aorJr'n_cl{-CI 6,2'"790/'1‘!"3' t'Aa-& //e e/J’ewA-er.e.

Horizontal and vertical li'1es:

. N /L‘J
e ﬁ%‘}'\l'\c\w Sor \f\bv'\tm-\w& \\"—g i A 4 | |
5 | 3
' Fer e_'xqmr}e DYy= 3 N .
| @Y=-2 2
. . . Y
—“’\-L qu\m*:ltm S'°V' Nf“b\Q{.\\ \\ e 'A X=a

A

T:or' Q’XO\"’IFle': @x:. | h.‘ '

X==3 Hir b=




Pom-{:_ S\OPQ Q%_\,\od:\on i o ' AR

. f;§ F(’K}])

TO Yx—n«é ’v\«p_ Q-ﬁ\_\/\o\"mm S1—0r "c\«( \\M_Q P,U(,,y,) i

L with given slope(v) and passes |

ebrmﬁl. the pornt P (%,,9,): = > 5

; _ Ag W —Y, - XY :\Jo\riq\a\e.s;

A = iis ™ — X X\,Y ConJ{'ahl'SE
#':) {‘3-\3\=W\ (X—’ﬂi' S ’?Of"f—S]ofe qu-v\g%"m

|
|

i
E'X\ Write *:\~Q ﬂm‘c\w S\—OP *L‘L \‘*‘e *L\"\’c '?O\SSQ.S 'EL\Y‘Obgh‘I
the ?mn’c(—-z 3) N\’cL S\of‘e &G .

Sel.. Yy =Y = m (X~ %) 1
| Yoy = 4 (X =(~2)) = Y-3= 4 (x+2)
= Y-83= [Jx+8 = Y=L+

Ex.2 t Write e eauatitn %—or the live Passes {'Lroudl, tJZg
ports (-1 ,-1) and L4

s, m = Uz_-s‘/; = G —(-4) — > = | | ‘
Ko -Ki 3-(~7) > : |

‘Now , we hauve m=1 wi'th any ay./ fl\e £n/0 fa)'»n‘.r.
Take the pornt (~2,-1)¢

= A-Y = m (X~ ~%) ¢
L= (=)= VW (Xx=-C2) = I+1= 'x+z =5 Y= L+i

SIOPQ il M-l:erce/:é eq,mt:'m: ey

| |
| To Find the equatim ar g lime ! 1 {

(o/b)
' L. with JIV“QH slope (m) and j!Nq //
‘3-1*1’#3"66 + &) P i S
Y=Yi=m(x=%) = Y-b=mx=0) .
i = \25 =m 'X—l«\;l —— 5|°]9'C interCept €4 atioy.



(&)
EE-.V<AA ‘t'\qa Qn_\_\»\gkim 'S;-or qu \he w\'&-\\ S\DFe -2 and
y—/'n-\‘:erce.{?-(' e?,btﬂlf 3
s ol d:M'X'"b , m=—-2 % b =3

E_u-' TFrwd el S\c‘\zt and Jc-l«p. ‘3-'m~kercae_’oi: -f«o/ (-'Le I,'H_c
O gx+4+5y=20.

sl Write ®%X+5y=20 in the Yz=mx+b Lorn -

= 54= -®X+t2Zo = Y= ‘g(-%'x-*“ZO)ﬁ 3:%7(-\.9

Co;v:pqre J:%’X-r% wrtl‘ 3:717’)(-&17

= M=% and b=4

e Ais-bunc,g Srlr‘om a pPoint to a \\'ne_:

o Lind ‘he distance Yremm o vPoint P to a \Wine Ly
1- Tivd t\f\a. %Mt{ﬁ 02- ‘\-\'\L \Wne LZ 'Hiat'?qS'.S‘eJ '\:lv\r‘o'v\&l‘ t’Lﬂ\
poivt P and Yer?tné\'m\qr to ta \imae L.

2 - Firnd ..g\,q_ ?o{»\{_. rQ‘. inkerSectionm oﬁ. W) o \\'.—\,Q;.‘(Q) .

2
vg, imkerseckicsu Q.

Ex. Find e distance Yrow Poirnt P(Z,1) and tL(

\\'M 3 :"’X"‘Z- o . . j}\Q
$ol. 1- Yy=x+2 = M=l | \"ﬁ‘x"'\/\/Lz
= Slolae °{_ perpen drcular e L'?_ -‘Lv),” L « o P 2,1

-1 =1

3
N
{
3|
{1
|
()
1N
\"
O
|
x

i
-
]

3
~
x

(
X

Calculate tle A\'.s{:aﬂcé‘ etween He Point V. to +le Pointk



8
2- lo g—x‘wd-tlse Caorel/‘*m_{é:“ °£_ ;';-éerSecffﬁ /70/‘)1_:‘. Q ,
‘y_c,oo:’c(f’\_q{{.f and xX- coordinater -ﬂa/ L, 9 L'z a+ ,th
/50,‘,114 Q eu"cl Q—q‘M[' (or d/ =sz_ a"d ')f/-‘:-"xz,) g

I
Use Y. =%, S N
> X+2 = —-XK+IJ = LY = =D 'X:-...i

| Fraw q'tj :’i the. o '&QI,MH'WJ Frad y ‘
| Use +he eguatim o Li = Ye=x+z= 5 +2=
= The cesrdinates B @ v (L, 5)

SN

K>

3- Vistance Ser o Y tao L, s the distance #rom C’/sai
Foint P to NPy '?,OA{"\'E Q a i

= A= Jle-wis (oadt L oP (o) ¥ Q8D
=3 A:Jk\—{_—.t)x-\' QE_'-L—\)—L("= !_\% = ':3'—-\1-{ urits .,

T

_W*-e Sénerq\ e—‘%‘.mh'\s‘w g—-ér -t\\,_ \\'mé g

e qeneral Q_g‘_\/\g\-bicrv\ Sor ‘tLo. \ine 1§ .O\")C-l-)a\y‘-{-'clch'
- where &, b, and ‘¢ are comstants. | |
| For example 3% +1y—S =o
] =
.

Exercises -2 /P18 :

@ Find the net changes A% and Ay in the fqrt-z‘c/e coordigtes
| 1.75 the }oarél'cle‘MaveJ ,erm A(_'S"')L +o B(—%;l} .

]
: !SOQ AX = X — XKy = -~ & -—.(—‘33 = =5 7
1 DY = KD '—j[': | -] = o

| 'F,'m) {-Le eﬁ,m{-(w ‘F-af tle lime tat pRIses it-lrrvtgé e
porut (~1,1) and has slope equals 1 -

Dol yey = mx-%)) = gl = (% - D g=t=x+1
E = Y= X+727 :




Fmé e eaunatiov Loy tre \Wine that P asses i‘]ﬂr’oujA

() 1) and C’i?-)
\ = oo

Solly, = DY . D=y o 2= o N =
A% X=X \—=\
‘ vertical

= ki\ﬁ.n_ Wne 3
= Y\ Q_q\vv\ngimﬂ 1S X=a
A = K- coordinate ﬁo, any o7c 't:[xe tWJo fonn‘-;

=3 -f:Lse eqguatior 5 X=|

OFMJ the e?,m{-um for the Iine with S/Ofe eq_uqlr -
and Y -intercept eq.u\alx -3 .
Yy =mx+b

[

sed.
Y= -5 x-3
@-Flhc) f.‘Le X amcl Y ;'ﬂ{—effCC’f{'-‘ ﬁar ('J‘e line Yx 3Y 12.
For x-intercept , § =0 = 4x-3(0)=12 = x~.;-. 3
, k=0 => 4(o)- 33—11 = Y= Tz- n

sdl.
= xX-intercept =3

For _-m#eroofiL
| - J-m{-erc.ef-é-—
) Find the distance broru the point (3,6) and the line
X+Y =3 . , 1w AP
sd. Yo —x+3 = 1= o
= Y 9 ::m‘_.:. :__—\T =1 + <
{ - et > X
—_=>Q,1_.°Q‘_,Lq_ i$ 3~ = m(X=-%,) \
y=-6 = 1 (x=-3) { Xty=1
To fmd Q: Y= —a3 T
' y= X+ 3 J
e 3y




..' O - » - i
Frow Loq w

\3: XD = X=3-3 = X=3-3 = ¢ )
= [le c oardi/mates "')e' Q@ are (O/3>

i
i
|

= 3= [ xR (3-8 =](—o )ty (6-3) =B =30

Urrids
TFind the ' Aisbance Srr e tha Yoint (-2,4) and the
Ifne =56 - ' :
) LY ’ (*'L]Q) 3'!& i
sol, Since X=5 IS V“CI’!HCI!LI ,”"-é ’ ‘___“-C_l____“ (5’ ‘+)
{Le Cl!.S'b‘"!’lCl ,‘j }'fdl'l'zmw . X=5
; . ‘ B e :.
= cl = ')"2_—"\(‘ - 5 “(-2-) :7' units ks R . "T"K
| .

?

@F(“g tL-_g e.o_\ygqt-{n, Yar bLQ e that Passes {—ery4
| the potut (1,0) and parallel to the Iime 2Xpy=-2.

sl 2x+y=-2 = y=-2%-2 = m=-_2
e sloye o e .parallel Iines are €qual Lm=rn]
| | = mi=—2 , and the poimt 05 (1,0 Laiven]
| = Y-y, =M (X-%) s msmy

=3 Y-o0=-2(%X-I)

> 3: -2 X +2

= e e e e i

e cermmn



@
1.3 Funcktions and Teiv GVQQ\/\S :

TFuncklicm 1§ a rule that re\lates ‘\V‘\>U\‘~CS ,W{t\‘\ O\At‘:u-bs,

W.L..
G, " _
. L —e— =Sy I\
Ex.( A:-“-‘—Z E')(-Z: P=X\r\ | . |
r = radius (inputs) W= heigwe (npuxs)
A= Area (outputs) Pz Pressure (Subputs)
T = 3\ Y4=-- (Comstant) = AQ“Siﬁ:j (Censt—qr\t)
CEx.z 4= X+ Ex-y . 5’-‘57( |
X, = inputs - s XS e
\3.—.; ‘out-?\,ws ' n Y= outputs
e Sunction (s <Senoted \:3 £ ov .3 or W
(A“3 Symbol May be MSQJ) . v |
For examyple @ y= $dx) Y is a Sunctiom of x.
| | @ A=aCr) - A Qs = bunctics of

e g—unc{—{m 15 like a W\C\Q\‘\\'V\Q:
e
- input output
% is called independent "variable.
Yy is called dependent vartable (depends on x).

Intervals :

(@) Finikxe intervals :
[- N

" R =2 b .
—2 5 X 5 X gk
open interval C\csg&"munml Wal & ~open \\a\g--q-pe,‘
symbol ! a<x < b agxghb - (or ‘2}:-2\;5@4) (or Walf-clased)
“ ’
or (asb) or Lokl o3RO0y | MESHER




\ 0

@ S.V\g‘-\v\\,’ce \V\-‘cQ\’Vq\S ' ; - i

| ' il
e 8% 20 32X . X o % e |
~o0 L X oo XD a x2a *<b X &b *

(~00 , ©0) l(q,?o)- ,Y_ql‘x’) ) ‘<"°°" b) (=omsb] |

Damain an d ?\qr\ae 0

Donmain is o Set qjs,_ alowalble '\A\:\A’cs )
&am,ae S o S,eJc.*?.-_ Dutputs.

- Regtrickions in Domaiw:

N\
A}

.+ 1- Never divide \93 Zero -
2.~ Value 9&. Sgrv\,o\r'e_ raots ™Must be not V\Q.ﬁqtl\/e

hEqu@\e;s D T-'-mA -\:\«e domain and r'm\ge g-m' ‘\'3"& Q‘mct\ons;

Se\uxims: @ Y= x*

domain ¢ a\l real numbers (or..,,<x<°q)
range ° ‘j>/°
=
@ 3= %

demain: X #F o | |
rqn.se: Wgt o '

®y- 77

domai ¢ =\ \'—'\'xg\ 3 i [
range - c'a'g\j sl

E Even and ©4d FTunckigus :

e Sx—vmc-k-\cm 1S even ‘9- -‘—(—-’k) S:‘('x)

I

| T LEEREE

! 1S FUnctau (g A

f » (x

E Symme tric k¢ *)I ALK I¥- ). v
i . v’

|

i

|



@ -

Twe Funcxkieom 15 <dd "\gr g—-(*"‘)-‘-—&—(x)

this Funceiow s
Sjmmet—r(c a bt

‘fl\.q crlzjl'n (O/'o)‘

Exq: ’ ‘3:’X7'+1 )
£(=x) = (=%)+1 =%
POx) = x4+

= £x)s= L (-x) => Y=x*+1 s even Lunction,

Exvx: 9= x> 2
£ (-x) = Q-X) =

G =
_p(x) = L(—'x)=> $=x

F‘J:‘/’:{e-, _W\g Sr-\\r\C‘E'\G‘\A MQ3 \’e V\Q\"E\'\Q'— SSVCTRICIG QAA J
D

oWl Baretion .

Tnteaer— Valued Funcricus

16) 'd_-_-\_ > | inkeqer leor Sor % .

.Exam‘:\es: Ligd =1 - L2 ] =1
- L-\.'S_\:—’L > 'L-O'S..“z—-l

@ y= | x7] integer <eiling far X

Exomples: o= 2 , | vt =2
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Conic Se;;‘**é-ﬁ-s‘ * We camic Seckions are !
() Circle @ Parabela ® Hyperb ola ©@ Ellhpse |
@ c'\FC\Q: - | N

- POGY)
We have a circle with center ‘ :.
c(h,k) and raldius a . - ‘
'Fr‘mm the Sormula o e d{stance’ :
bLetween fwo Fo,‘,,,{-_;"(\,\er,e c ¥-p)e ,o ‘ :_x |
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'&_S. the Senter at the ariawm and’ *—‘L—ev radius =1 unit:

= r'xt--\-j’“ = \ \ —- e enmation A Univ clrele.
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I +he Socus at the X—axis :

= /'X =’°\JL]
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whose distance Srom two Tixed peints have
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.5 A Review ol _Vv-i3ow$me’cr'\q Tunctions:

Radian Measure:

- S -~
S = arc \QY\%'E\A = r& ='—>v"——® // 5
© /
For semicircle , &=180 ,» S= zzr___- mr [ (A /‘
\
substitute s =Tr and & =\80 inte 2. (: \ Y
o -Trr ° &' \‘_"/
- ———J \Ro = = -@ \8a = W Yvyadiangs \©
divide both sides of ea @ ey \RQo©
: 1 dearee = T radiang
= L 3 1§2Y)
divide bot\ sides X 29 . & oy T - ]
[ o
1 radians = B2 Jdeqrees| a2 57.72! : |
= \ ~ i #2965 H
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: 180 &
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\Ro 3
T vad. = T, \80 _ 3g
4 & . T .
T rad. = I % \Bo ‘= 9o.
oL T T
‘he Six Basic _‘—l"isonomefrfc - Functiouns:
: : o pP. .
Sine ¢ SIin®d = —— )
' ¢° e
@ CosSine: SoS6 = ad)y. WOt oppost
Wye. — | o
@ an3er\t: ‘tang - 8p0 - -—-‘-'—1-— o adjacent
in. < oS 6
@ Cosecant : C€SCO = NANP. - -
' oPP Sne-
. l
@ Secant ! Se€ce =.2B%. - A |
adj. CoS & | .
. 1 , '
@ Cutqnjen{:: Cot & = qA'J': Sos s ey oo V4 9_'1
oPP- SinG— tan® , ; .

Note : sSlope of the \ine = tangent of the inclination arple &~

er [m=+tan&-]
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@ From \3-&\4\3331’&0\’1 t\ae.oremf ' "

xXTx YW= vt - /J3 '
., e ' T . e | :
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X
1. g2
= _?.(_..'\..l:‘l

gl Y-

_ o Lo
= \.gosl_@_+ Sin & =|

i ) . R . o
'@ By é'\v'gé'wu& iy 'AS\_M-Etm By sin e § \4+ Cot @ = Csce

@ By At\h&tv\% \:3 Qns s = \\-\- -bqr\ g_ Sec;\ ‘ .

@ \c°5(A-TS): cosACos B X s'm A S"‘BJ*--—*@\) |
\ Sin(AFR)= SMACesBF Cos ASInB | (v)

aw —
@Frm eg\_.@\')' AR =& '@lCOS‘ZG: Cesi@---S\V\Gj]
. - pr— b '2} 3 :
or \Eosze- = \—=235n (9—] e

—
ovr | (C.cgl@-: 2Ccos8 6 -\ J

b N, =R = SI’VI'ZG—:-_ZS{‘nG-CoS@_
i From 2»‘\_00) : A
© Sl _

sin (A8 ) ae :
__ces (A%S) - i |

—s |4an (A+8) = *"”“ﬂ"BJ - e e (O "

@ t'an‘CA:'I'B) =

|— tan 4 +tanB

L}

P W s T e LT J
| + tanA tang

" RSP oo 74 |

v d . X I~ tan®e

@ From the equations S04 cro =) and coro=colo i
| Add twe Qf]-\mtwﬂs———‘) cede= \‘+°°Slej

!

_____3__'2—

{ subtract two e:fl,wz-bion!:} sin'e = \=cos L@‘.J
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—

@23

the sSine g—unc\:.{on:

!
4=5sinX
i 1l
_21/\-11 | - /
{ o | t 4 . _"L N x
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4 Period
D omain: ~o<X <o >

Rqr\%e =1y ]

v

Yy=sinx 15 odd Junction _@I.k_si»'\(—x)z—sin'x}

Alse From 4the '—3“0«\:\\ : ,\S\'V\ X= Sin (’X-?-z?r\: Sl'n('x-&l— 4r) .ot

and

sinxz= SIM(X-2) =S (X-4m) - etc

D"me -E\;o. °g‘°~\>\« 6& casine Sumction :‘

—%o <X < o
s

Doemam

) Rqr\de :

3= Cos X s even f;unc{:/o'q —

N

cos(-x)= Cos X |
|

(C’as = CoS L’X 1‘2.11') :'_‘QOSC')(“/“/-W) - Qt(]

Also Lrom +he Jrof:A

‘C.a.i X=coS Q‘X.-—?_TTJ :c.csc’ﬁ-"f'fr}‘:::—a-fcj_
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) [ ’ | (S ) :
Domaint AWl real w1 | 3—:-’(:0\“’)(
numbers except I ' )
add inkeqer mulLiPIQJ ! | l l } | |
QS:- 1 ¢ < : l Vo 1 I
4 2=
) R S .. s y ;{; e X
OM9e * —~op
! NEAS | L /] b
| ' |
5 | | i
i | 5 ] |
| v ol | 1 | |

; ﬂ:'&éal'\.%' \S Q&é ':—\M\cb'\ou ﬁ -"'E'C\ﬂ (~ )"~'EQ“'19< T l

A\Se &-fd‘M ' cy-olq\:{ 'ﬁ‘ [&:-qr\ o= ‘Eqr\ X+ T)= %qn(x-tzn).---et-xcj

| C . e -bqn(oc—'xr)=’cq'4(”<-2—‘lf)"'eq

@ Tvowm 4;\.\& cAv'euQ\ u&. 'QéseCQ'n% Q-U\HCtiQ"l ~

|
I _ i ' I | ! 3=Cgcp)<:
; r Domqin:%#O;,$V;.TZﬂ,... | l l a4

’ Ran.ae : YS$—! and 5>| l ; -

o 1"'"' 1 1
- P D T B O - L 3

K sl e

| | e | ' I |

| | |

| | f i

| I : ‘

a ' !

| |

!

v

M= cScX 1S odd Runctioy = LSK—(-—’X}:_C_SQ)(

-

Alss From QA& 3raPl\f=°;~ chc’x- c.sr.('x-bz'n)-c5c(¢c+‘f‘zz)---eec)

cgen= «sc(X= ?-TI)"C-SCC?c—-'f'H) pae et—}

omd
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@Vrow\ t\\e, s‘ro\\a\\ og. Secant g—ur\ct\'on'—

J
T\ _
: ol T : ! I ‘ J=%ecyx
Eemstll A s A I Y
Rqrye: gy <! amJ;J>/| | i :
A [
- T 2
“‘—'—“'——“1—*—-#——-0———+——‘ b 3>
~34r -w |0 "T/ 37 X
T ! ~ | 72 =,
H " ? k l --—Il
| | |
" |
N
| ' '
1 | v [

= SecX i's even functiom — Ese_c(~'x) :'Sec(')ﬂ
Plse Srom <he arapy = [SQC x= S ec (X+2T)= 5ec(x+tnr):eec]'

oind Gec iz el o<—21r)=5ec£?<—‘m)~-e+ﬂ

@ From the gra\:\n Og- CO‘b“"\je"l‘t "Zunc_{-fon :
’ o ka

Doemarn: X#o0,FT, 27

Rarﬁe ;=0 Y <eo

2 ‘N ‘ ¢ ¢ L

B:CQ'&:K \ES °AA g—unct\'on => l.c°f(“°‘)=*(ot>(' i -

.Also From she Jm,% ﬁtcof:- x = CotC?_<+"T)= f—"‘f(‘x-(-?—'ﬂ').‘:_--et‘c'

—__‘o-ﬂ—-_
d [Co{:’x = Cot LK-W}:‘CO*(X—?_‘H‘) ~ma e,bq
an S 3 i




Exercises

(.5 /

X

@G,-qf,/, the Function Y=I+SnX , —2T g«

|

o
/2
i
3Tz
27T
~T/2
~T
~3T/2

Sket+ch

—N—9% -0 -pN— ¢

the gmplu of y=cosx and Y=cos3x soegXgaTT

fo‘je-él\er‘-

For +he
| Cos X

Sod. The divisious o} Y =.cosx (s .

divisions % W=cosTx: 3X

CoS3K

—
|
S gt———

l
0

0
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“
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l.€ : Absolute Value (or.ngn{t\&&f;)i%ﬂWW

Properties of '\ne.g_uod\‘ties:

O <o = atc <b+c

@ o <b = a-—-c < b-c

B a<b and c>o = ac <hC
Q a<b and cSo => % <%

-—

— G 2<b = —b<-a [Multiplying both sides with -1 reverses

the (hehualivy ] :

@ alb = ":“; < ._.E; [’quc..-,ub reciprocal reverses He n‘n:_ful,'!)"
@ A b = \)_°T<\Yt g

a] <b = - <a<b.and la|gb=> -b<agh |
@ lal > b = q>b and a <~b ..and q>‘/b'=>°‘>/b'-ana.s-b

. Absolute value: B |
The absolute value of a number x denoted by l’K‘ 2

is deftned as: | X _\af- X >0
"Xl = 1_7( \-F- x<o

e 3rq?\q O-(: 3:")('\.“5 y-

Ex.l Solve +he e_q_uq{-:'on sz‘3,=7 K

éi’. 2X-3 =¢ = X =5 |
and —(2%X-3)=F=p —2X+3I=F => X = —2

Note : In 3ra'ahinj absolute Va/ueJ/ wa'Jf the x—axis ey
intervals in which absolute values'=o  then Frad
the f;unci:l'on -ﬁar each interval.

i e i A S A
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_Ex.zzC'-'_—;::q?\\ ‘the gi-uﬁc.fio'v;

sol. x4l =o ==> x=-]

@V;r x<~\ : ta ke —2. ®

T

L

|
i

and ¥-3 =o = ¥=23 . '

© .9

and (X—Z}) {5 —-ve B

(x+1) is —ve
> —(x+\)—(9<53) =X —1—=%X+73
2]
@ ‘F‘ol:f' -—\<X<§ tale, X = a
(x+1) is Ave and (x=3).is =Ve-
== (x+1)—(X=3) = X+1=-%X+3 =
@?ol‘" ’x>3 : kake X= 4 '

(X+)is wve ‘and Qx 3)\5 e |
= (ofR1 ) Fiex=g )= X+ X~ 3-.2'x—7__

o D e X
S W SPPEUR
2x~2 2

X < ~\
A X < 3
’K>\3-

3

L Y=

j/’; 3:2..xQ?: |

-

TE i \-Q]’X‘—>5\‘<91:' 4
lal <b = -b<a<b

a=%xX-5 ,7b.‘$9
= @ 7 <x-5s<9? -
x-5 > -9 = X D>—¢
xX-s5 <9 = x<IY
= -4+ <x<l¢4

Ex.? +
sk,

emm——

. For
o




sh. el €k = -bSash
s 5'_-%? and b =

Yor 5’-—-% >/-‘|'~=> :??—- >/—-€
3

s ey -

x)~\
sol. Xt z=o => X=|
For x <A1 ) ko ke X =D —(‘X-—ll)'

P L 4




! i : A
7 &

@O Fimd e domain for 4= ¥

.'. SOQ ')(1'—-9 =060 == ')<‘L-._-9 = ’X:3_ qﬂé ~x= =3
| | .

For x< -3 = g = tve (o'f'k‘,) i Y : "
For X =—3= 3: 0 (O-k.') ’ | -3 3

"’; 'A.:v. o '.'..', . . \,

For -3{X<3 =2 'Y = \) (ot o.k.). R .

For %X B3 = Y= +We (0-%-)

—>_WQ Aamain \S q\( real Numbers E'XCEFII -3<x <3

OY" _n:‘-e Aa‘moun lJ 9(>/3°V‘ xX <3

) @‘:M_.l Mo dewmain For Y=

Forfx<-z=>3 o=t k) e b
For %=-2=2 yc S:‘;f_ (ot o-l.)

| For-ﬂ‘;.’.(‘)((»‘-@‘j_-\}':v‘e'_r‘ (not o-k.)

: For %=1 =2 6=J_:— Jo = o (o.x)

| 0 —_ (0-1«:.)‘
For X>1 = Y= m J"— .

i il =

|y The domain (s %X<-2 V¥ x> | #—9—0——‘?! T

A i
N

————  ————
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s CHAPTER Two

LIMITS AND CoNTINUITY

o !
208 Limits .

When the values of o Sunctian S\-(x) OLF?r‘oc\CL\ *:L\e vdlue L as x
qppyoqd«e; C >, we say tha+ -FC'X) has \imie L

Or : RXim Fexy= L. 3
X —>C , ' \L

Limit s used to c/e‘.scfrl'be che L .I-_- Q(x} .
1 /7:’\ ’

Value that a Function approache;
as the imput a/—”}"’oaC/veJ some value. ol ¢ o =~ . mX

EX. Find the Wit R e Sunciion L0x)
S Yim Fx) = Sim(x+1)

as X approaches C

=X+| as X approaches 3

X >c X3
= 34\ =
Netes : s
@ Fer identity Lunction (£(x)=%) , Yim $00) = &im x = C .
| : X—»c X—>rc
@) Vor cConstant bunceion CFmazk), Xim )= Xim k= k.

X=>c X—»C

A
D~
v
>x




—Theorems : e

—Weor—em 1 (\DY’OFGX*:\QS Og- /V\M\"CS)
TS Uim -?—-‘('X)—-Ll and Rim lzC%) Lz, then.: il

Y —=>cC X—>»c

I®R\'M‘ [Ql I(W)—F‘plclx)].“.L/;—Lz . @)\\M [‘{il(x) 'Q’LC?():‘ =5 Lz

X=rc % —»c
@ Rim ): ﬁ,(x)/ﬁ',_('x)] =Li/Le ’L‘””C’@ Sl\m [k f('x)] k. L,
X—=rC XY ' . CMS%Q .
_W\eoremz . _ | , " :

, -1
'S_S}' Lex)= qn'X’li-qn_.’xn-(- ‘+ae (5 any P0/3n°Mm/ ﬁuncf/cm élyea

p ey = S:-CC)— an cta ch” ~f
K ->C '1 Z Ttk e,

,f

“Theeorem '3

% ?:-QK)QV\A 9 x) sre. ‘?o\ﬂnom\o\\;) t)‘e" Qi Q‘C'K) f£Cc)

"oy ) gCo) e

(3\'\'{-_ \f\an "-qn:l'. Lefe- Wand Limies:

P\\S\«{- Wand Limit s -\:\«e {mit o Q—Qx) °\S x G\\D\‘!mo\c\qe: (T

t\«e_ Y‘\S\«t s or &\m SCK)
x »ct

Le‘}ic Wand \.ml: is 'E\&Q \imi b A( \-Lx) as ’K R‘ewue\c\«es & Q-rqm,
-k\»-e 9\8&-\: ')or' X\M :—CK)

X3

N%e Nim &=L if and only if Xi Lc

Mate: in St F ook n i B ool oed i firr=l
For example : ;o o

The Sunciiowm A LA Was na - T ,l Y=Lax]'
Rimit as X approaches 2 because: < . |
LU : + | e—o

x —y2t | f——o

Y Rim _L x|1=1 [ SR Q\-,—-:Q!.,w--._-_w_u.__-»____ﬁ

/)qu?. o3 +‘ ' o k \ \ T
2 21 =5 Xim Lx] not exist. o 3 3w

K-> ) : rlh it
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‘Trdecerminate Forms

——

Tere are seven I‘Hc}efef'mfan'e_ ﬁorm.f .

e ©
L 2

s
o , 0O

° .
)°‘°°J°°-°°;O,Oo,q,1cl

Exercises 2.1 /?.8¢ :

_ Find the \{miks ¢
@ Rim s S = )

x—»5 X=F 5-3 ~Z

5O R KFRAI | g, DTN g, gy

~—>2 xX—2 X~—>»2 M X —y 2

@ Let .
3"'7< 2
£Cx)= E’X X< 2
Zx\ 5 xXD2
@ Find Nim SFex)y and Viwm T

X —>2t o X —»2T
© Does Nim §Cx) exist T Whky T
X—>»2 _ : ‘-
SR, @ lim T =him (4 )=F% 4122
,x__"z‘k -K‘+2+ .
Rim  Lxd= Rim (3-X)=3-2 = |
xX—»2" L X —=> 2T :
® Rim $Cx) does nok exist because fim H0 FELim ferg,
X =¥ K>t Xp2™ (

Ancther methed to solve this problem is Srom he qraph :




RIS Sy

xX>2

@ Find Lim g’('K) and Liwm S0 .
W —pat X—~>»2-
@ Does Viwa Txyexist? \»s\xg?.
x>y .
SOQ@R\‘M XrQ’K\"‘D\\W\ ?—(—-:L-:\

K —y ®—pyt & =

&b‘" S\\’Q'K)= Nim B =3-2=) J’.
K=y~ X—-»'z_" :

@ Riva g—UQ erist because Y L) = Nim S x),

= "-P2+ x>

Let : g |
. V- % )

| f—('x):i 7 ?‘:'

2. ,"x._l

..F\nc\ &\M &—LK) C\T\A &,\‘m S}-Ck)

w4t X=>"
® Does §..\W\ -Q('K) 'Q‘K\S‘E'?\Q\/\\A @CD"'O(PLI -(—CK_}

s°'\ ' D Uwm Fuo= Xim \~/>c"'\\-(\)_\~(.;0

X1t rx—3qt
Q\m &-QK) 9\\'»‘4 A=~ Xt = “-(\) =\~-l=o0o ..
xX—pi” K~y L

@ i -Cx) exist \oecquSe Q\m g—(?t) R gr('K)
x—=>1 k=—rqt | KT

e 3rq§>1\ g oAy

Ni=i2
45
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2.2 e Sqnc‘\w(c_h Weorem and Sin &/ 6 -

Y

Suppose X)L Fx) L Wix) 1
TThe sSandwich dheorem s ; L N
For all x#c¢ and ol Il
Lim g(x) = Xim Wix) =L g l .t
X—»c X~—rC ’ | N
| then fimy SO =L, o s
X ‘ .

The ?re\o\em ol Yim S\n&

g- G-'*Q A G‘ s.
1 : T ; (15 NG , , '
we Substituke ©. =g in %-‘—‘::o swe will et mcl'eterm,',,m
form 27 , but oy Using Sandwich A\gorem We get
R"‘M Sin 6 ____“ ' Y .
il | =2z
| W R e -3 1 & .
e Arag W= A LS <K N s il
G- _2‘_."\// °’ \/i:—\be—
Ex.t Find Niw 203X o
X—»o x
S, Rer 33%x=e -=>;"X'=—§'—
'- ' .S iy i '
' = Rim A = Q\"“\ Al = Qiwm K3 w:'jx-')-‘cg
X ~=» 0 x & —»o S/ G =0 o |
Zx-2 ¢ Find Xw, Eanx
X —»a x
g +ta .l‘ ! \- ' '
IS"Q- Aiwa ’:’X = Aim e "-:.»Q\'M __\Slr\‘x'__-| =1 Kl=]
X—>a x—>a X(Cosx) x>0 X  ECosx &
Exercises 2.2 /%92
Fiwd the limits:
5 Lim oS = Rim g L '
D-,e/'wv Sin % ~fim- SInx P, Stax - - ,‘*___L;__ =
x 0O ‘2ZX=X X —» o ’X'(’Z-X—l) > —» O X 2 x—] -1
, X4+ SIinX »
@ (o = »Qrm & + S_’;lcﬁ: =R




&

= -%Suﬂ?v\amtn'ttxrﬁ—%r—&\a\emé—i—— — —— _ : ——-L
i o+ e | 3 .'
@ Aim s Use: A+B = (A+B)(A-AB+EY)
xX—=>-2 X + R “ -
= Rim { i R\M [
|

'><-—>-2. (/X‘P/c'x‘——u-*#) ?<——>-—"L . ?.X('x —-Qx-fq:)
\ l

| T N st t—

2~ e -2t 3\ - B |

Al

N — Ix+5
@ Aim v v :
XK—>¢ . the numerator ‘over ‘eself.

|
Muleiply by the conjugqate of \
|
!

31 g S T " T4 VX+s
= A\Mm ‘
R el ' 3""\5_?

Use:. (A-B)(A+B)= A-RT = Xm 2 CHH)
X —> ¢ Qx 4)(3+\Y\“)
:f/Q\W\ j-rx ﬂ..,Q\w\ ___%"1:5

X =5 (K43 4Jx+5) x—y Ax=4) (3 + e
& s
:‘/Q-\"M . s, 2 - --—’ b \

—_—

X I+dx+s ¢ s+IFEc &

, ’XS-_—?fx- AL FK) 2 ' et
R\vv\ 3 = XI 1P 2 = J.I”‘} 7‘
10C ~= o x3 X —>q /f('x J X—~>0 x

= -7 — - O = _A“Ae_ \t\M\’c Aces Not e:xf.s-t—

-+ : |
0" means thay +the value of +he Aéhﬁw\\'t‘\qtqr n

IS positive as x approaches zero |,

“—*___ S S e

“\/‘""

N
; . y \ 7

-0




@%b

; ¢
N : X - - _ !
@ /(’i'm +gx 3 _— —i_. = OQ ﬁt\'\ﬁ \\M\% &er not ex'Sf‘
xﬁo 2_\;xl+‘+ O- « # i l -
3__ . ’__/ (4
@ i X "= = Qi X=X X +1) — D e i
x—( (X=-1)% x> ex=T) (x—1) Xyl ey

e numerator c\??roqc\—\e.s 3 O\'\A *c-L\e AQY\QM{V\O\bor
q‘;‘:roqckes Q =S X O\YPY‘och\es i

o Ca‘_ucxr\£{’c:3 " i-\»g Aenqh«{v\qtqr May bve +ve aqd -ve,

= The answer 1s$ neither -+ o0 Ner —oo ., N
\
= The \ivt & does not exist. & él
/_J\"
sin 5% — , SinSx )
I Rim — = Yt 2 =Nim S_, S5x
= §_x—| = -5; ‘ ¢
3
!) 'R\.M SR e _\__ USe : SeosadX= 2.C°$27<—l
e CofS X —| ’ [_xrro\q COS“‘X: \+Qo$?.x]
: : o
2 ! 2
) 2. CosS X -\ ~1 , _ ‘4
= Uim < ) SRR e S Z ~£;m 2 (Cos'x~1
X —p o CosX —\ s X s x —| '?\j—»o_-—&__ﬁc‘.nfx-—l

Nime 2EEMTNCoIXH) - 9y o Ccosxty)
X —»o _Qc.rf')?':l’) X—>»o0

= 2(coso+()= 2CI+() = &

i

, Sin 2x ' S
D Him ranzns « dps e Qe 2SMxcesx
¢ —3O x i T X(Cos2X) x—ro " Cos 2
. si'n Co |
-:f.m mx 2 cesX — 1 % 2 (1) 5l

N —po x cosSeX |
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g LimitsTavelving Tnintey

. g
oLy s A
.‘:O\" E')CQV\A‘,P\Q/ lg' W e \'\G\\M "C\I\Q ; 3 j:_‘?_(_ |
|
. , e / |
g—ur\c{?ltm' - =
>
. /Qll-m. \—- = O Q |
. L l
ond Lim T T ° ; : J
K—>—0 : v |
Another QXQMF\E 1S & C-‘-?'”'&q",{' ﬁ%‘"cblw' = '
. TH
Xl'“‘:‘ \( = k ‘ : ’. Sf‘kl
T 3 | 7 e 5 |
: . bl = e
]. and l\'““ k = k -
R S % =3-ca - -
I {". e 3
, s o

.i = + Niw Sins
Ex, ?TOV‘G ‘t’\'\q CS——-;.oo P <

BT A sine

&

-:{ -~ =\ & sine \
(2ol =3 &g._a__ S =

Noke = +the limicx oX S“‘;@ s & approaches F O

; . |
- — _ < =
FrcﬂM ‘ SQHQIDJICA 'E'l\eﬂf’fm =] ,QIM' é—'—:'..___, [

& —50
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Livnit—s cS,\. rational :—\.\r\c_tiems as X O\V\Drcqc\r\es I o0

T So\\/Q ruwe \\mit ?ro\o\ems cqr r—ovhevxo& gwkn.ct\mr\s as
~ q??roqg\,\e_s J o0, divide Loth ‘b\'w_ numeraqtor and

tLve Aer\emxwx‘cor \c3 t\«e \'\\3\&5& power 09- ’x \n &enommqfor

Fx)
BN

© 1% degree A Cix) \ess than degree «9, 3(x s

&{M .P—(’K) = Q .
n —3te0 (%)

D 1L dearee A Tx) eauals degree °?r ‘3(x) theen

e Q\'('K) \S .g—\"\\ft .
x—pFoo Cx) :

5 1% &&Shee"'ﬂ— X—CK\ qreater han cLQaree ogr qlx) then

Af“« ' S ir\g-'m'\t'? .
X —> F

Ru\es ¢ Yor t\«e roxticmo& S:~\l*\C.ElCM

=xamples -

it b R & ,X,L-H L= o R EA% ‘%— ““'““’q{'o"',Qeu 1“1‘14
w—woo X -5 dag. o} Lenominmior] .
%2 Rim e —X/x
x—>o0  FX+3 x—> 00 (FX/x)+(3/%) |
' ' ' ~ | -~
= /Q\' oll = e =
e e B Fee 7

:X-3 Rim —‘M(3+?X' — Lim (—47(3/%-1)_{_ (7"7(/7(1)
T X0 axt 3x—l0  x—>0o (ZN‘/'X) ~(3%/x*) - (‘°/?°’~)

:}\'M - &X +(F/x) _ =—9©0 o - =% _ __on

x—»oo 9 _ (3/x) —(0/x?) B 2—-0—-0 CE
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Exercises 2.3/P 1002 — i = ¢

@ t\"\é-v the \imics 1 Rim  and &\'w:«w @or .

.ﬁ(x) N X —-€'>< X —» OO X~ .~ OO
4x—g : |
s, Qiwn 3’;; Gg”‘ = Riw (B3XYx)- €x)
T e, KT (hex/x) - (8/x)
’ _ cx
R 2K 2ol oo,
s =pee L““’—%— 4—-~o &G
. LT e BX
and i ik X = :‘2_:5__, = =2 - _co
; X—>=% yH- B 4 4o '

®—3oT _ 9<~>o-

7(&1‘"“&{“4 O ) % 00 (x +H:)

-/ . : y
S;'E::_ 21w ’)<L+i.:‘o+o¢,=°o ' u i'i.
, K ot x 2 : : \’1:'X+,x
F i x4+ 4 - o —0o = —-0%0. e SR
K—~>» o : 2 '

@ Frad /?m ’X Sln—é(_..

K—> 0 .
sk, Lee L=o = ar x> tha' a5,

- /Q\'w\ x S(m_l __ - L_ g\ ':";‘ ) lSify:g@_ N
g --/Q\W e \\1@-_ »Q;m .—"a;"h

. =2 x G20 , ' -3¢

@ D S3/a) | seo.

X~ oo ’+(V7() I+ o | !



| W
, (:;\A?‘J\QW\'CY\'\:QT‘B Problems :

v

K —» 0O X —» 20
l z
@ R(M X 'X Sl R\M ’)(-vm* ..25-\_ m
Xx —7 00 ° X=r AN
- ’Q‘*M '7( - (X% +?') do R\W\ ~ % _ -1 -1
- ‘ _ZF L.
X —yoo  A+NAT+F X—» 7<+m S0+ O

:3) Rim ('X" J'K‘L'I'?- ) = —~00 —00 = —~ 0

x —» =00
3/ 3 |
5 : X 3 I/A
"‘) L1 % E, ::/Q‘M == x v+ S/X B
Xx—> 00 \\X3+4 X —p o

\‘ X/x* + 4/x3

9; l+.5/2x% 1 4o
— 1 A

«—wmfﬁr

|
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J<,
= 2_ q,_____(_',‘an tinuous Functlons &

W\q. Cawtinuwous g—unc-\:una 1S ’f:\«-z ?runc-bm-v\ \:\»\qt- Cm"hnuou,:!
at eacl ?c\n—t og. s émmqm, .

A y=t
1§ we Wave the funckion 3= §-(x) . i
imkerior polnt  C -in e domain , : ol |
: Lol a ,
t\:'\eﬂ M . L ¢ it ‘9 & !
U ™
' domain

O e Sunckion is contrmuous at C i i 'F-CK): -CCC_) . |

X—>c l
@ e Sunctiom s Commtinusus at A i f ’;Q:: () = S;-Cq)
q
4 f
Tl Funckion 18 Comtinuous at lo :l.ﬁ ;(QL;-‘b g,'-l('X) = ).

Note : e the feuncftcm I's ’70'6 Continuoys at o IDOI'ni-
‘ we qu t—l\o\-(.— ehrs POI""' r'5 tl"e PC’/”{' of c//Scom‘:mulg

Cbn\‘:l'nui{-j test :

'_W\,e Sunction S:X-C’X‘) (s CWE(\;\\AOQAS at X =c 1 and Qrﬂj
£ all -L-ke__fo/(ow:‘v three Statements are true : |

o . Fee) exists .

@ Lim F(x) exists.

@ Aim Fx)= £ley.

X~ C



\}D)

EXO\M?\Q’. C\\Qc_\( t:\'\e Coﬂtl'ﬂ(.u"tj O,C) ﬂclx) At X=°,1,2
. S - J J >

3; QV\A l-{— .
2"‘7< 2 O\<X<‘
where - fxy = 2 ) 25
A
S

2%~
lo')iz’fx 7 X K3
2 3ISXKY

So\. -

a+t 0(::1@ S—I(Q): 2~ =272

&'M C . - _2 e — g
@‘x-\;.d_g- x) v:f:::;*z N =2Z~—-0Z 2 \'_enclpomf-J
S L) = &{,m_’.?..(.'x) = the éeunc{-/'tf*v I contiyuouns

x¥er at X =o .

at x=1 :© F) =2

T B @ Nibas § ()
x=pq
Rim Fx) = Nim 2 =2
x4+ x~34"

Rim L)z Vwa 2-%x=2-1=1

A=A~ XK=\~
2+ = Riwa $Wx) does Not eXISt,
< wX=rA
'@ ‘g«.q \-\\'\C‘E\'d‘ﬂ .\S A‘.Scon‘tl‘nuour at X=1.

at x=2: O -Cay= -

@ Xim ¥lx) -
x—r2
RVwa ¥ x) = fim 2Xx-2 =2(2)-2=2
x—2t X2t '
Rim L) = Xim 2 =2
x —w2” e

2= = Xiwm L (x) =2 |
e Tunckion S
Rim F00) = Aiscontimuous at X=2,

v
©) Yrcz)j-;b e




"1’

we xe3: @ VM- 2Tk U ke 2]

x-¥3

N g-('x) = &\W\ 10-2%x . =10-20R3)z 4
‘)(_.:'34" X""73

Qiwe HCx) = D\“‘W\ LX~-2Z = (N2 Y

K=p3~
X =37

=t =5 Kim S0 = Y
X—>3

@ ) = Ym S—('X)

X3 .
= "c\«e gw«\c\-\cm \S C.cn\-\-fr\ums q{- X=X, |

ok x=4 2 @ Tz le-2yz 2 LA portion (0-2x]

[ end ?om-l-]——'u @ Niwm So)= Qime 16-2L3= lo~2(= 2
xX—r 4~ x->4"

® X—(‘l—) &\M gr(k)‘%% g-\mctﬂm s Ctm{-mum!
at X =1l |

Ansther methad {5 by (%‘*4\_9\\.(»\5 e Lunction -
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Notes . () Ratianal Functious are oMt mous W/"Ef‘ever

they are defined .

@18 L and are Continuous Yunctimms at X=cC,

{:\«en the ?—o\lowimg Cowdoir\qt(cms are <emtinUous
at X=C

g‘*% 72‘_3 ) 2‘3 ’ k3 2 g—/ﬂ '(“3'}"-0) .

A 1L § iy cmtinuous ac X=C and 3 (S Combmuny,
at 2:(:)-,’:'\«2»1 fl«e cmposite 50-&‘, V'S S tiueus
at X=c. o
Ex. Shows dat W= \ » Gof X
' XE+2
eN’J Point o& s Acrmo\'m.

S, . W= 3Chkoa) tn whiel, SO0)= '><<-;°3’X
' X+

\ \S Camtinuows at

Qv\A 3(9():\')(\ .

Py

L(x) & (%) fare \f°"=\'\. CMtinuous =903 (s o 4 nuayy

e <continvous extensSion.

—— i ' "a"

to t1~< Po/nf‘ xX=2 .?

Xt~y
ELIEE BTN (C'<+3)Q9e-/z')  x+43 i ‘55-_:_5_
Xt2)(2e=<2) ~ XxX+2 _ k ¢
‘:-(?-)Z s — B . '?-;‘-'-.1'_&!-.—.-.-
e 4 1 50 —t
C X*4+x-6 v &
Lalie X # 2
5/‘/‘ » X=12

tL\\'S St—orm i S co\llecl ‘\'.'L{ Contimuous e‘X‘t'e)fJ'/'U"?—‘ﬂﬁ é'l‘s¢
or\‘a\'»\y& \-w\ct'\m«\ to ‘\r\«& X =2.
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- E)(ercf._sﬂ_z ..q' / PT\v\_\___‘a‘ s . ‘ e e —— ey a

@) A+ what peints is the Sunction Tx) cortimuo ?

_S;OQ.: g-rcm« e %iroae\\: ' P

Ais &-un’ck!‘\d\«' 1§ Continuvous
at A\l poinks except
at X=o and X = 1.

'C o s x<o
O 5 x>\

~» X

.A-E wlmk ?om’cs (X -’r\u, Saumcks oy g.—('k) et ous P
] 5 ')( <° . . -
g"(’d» SL\S\_. 2 c\<’)<\§\
7 7C>1 g

“at x=1{ :© $()= 0 S tymin
e Um Y Wx) \w\gx-UC)=&.\'w\ K—1 =\\=¢

At X=o ®£(o)~ W’z_r
® Nm S0 Riw S = Wx-r-,

X->0 % 0%t
o Qi Sw= D‘“‘"“ <A
‘ -—)o
@ &\w\ \.Qx)
T x>

@) Y Coy= L X—Lk)é -ﬁCKJ Is Comhnums ot X=g.

%= o

K=y Xyt X—yq+
D"\M X.(.x): 9\.\)«.‘ J*_T‘)'_J\~
k—#-\
= Wi X)) = o

X~ 4

& 9\-(\') Wi X(x)—apﬁtx) ccm,z.f,mm Ot xey

b T



N7
For X <o, Q—Lx):\ 1S Somtinuous Smnckion .

For xX >0, FCXx) =%~ 1§ Lonbinuons X.M,\QHQM,

=S $Cx) V8 Comkinugus at Lery Points,

CR : Yrom vl m"‘\ﬁ\\ :

e

3
@ .V\-\A ’c\/w. '?N*\‘t& at VQ\'\\Q.\A ‘3 ‘l—. \'S éiSCMtinuouJ,
e .

s, Xmlz=o = x'=) = |x=1] W% [x =-I

. De&\v\e $C) W oa Way dat extends ﬁ('X)_

_AFEDOM X )

be comtirnuous.

s, Sex)yz X =

Xt (A Cx+D) = F
= $Cy= LEVHL o3
\ 41 s

= A exkended $(x) is: g'(x): Sk X1 =]

3/

3
-1
X =t x#]

t+o

@W\«o\&: value should be qssn'snei o a +to make e
Fumetion Flx)= Sl pRISE C'd“'\t"*tucms at X=3 ?

ZG'X P) 7<>/3
sol, Yo wmake S\:-(‘X) Comtinuous at X=3 f
Qim Flx)= S |

K> )
A &) = Rime X “L'.H -\ =% =>Q\m S»ij g
X3~ X—3" _ X >3 5w
G(3)= 20X = 2 ¥axd= GOL; @ % =5 = Ot:—g_.:—_s-




Abselute valus | h—tL%—-HM-Lb—PLQL.lQm.5_4 — o et

Wig qumple Cﬁlar//j; {'Ae'QV§IMfi‘W °ftLe /?t'ﬂérl-l-

‘f (-1«4 ,fqngf,‘m.r Z-/Lw(- Ltow*é qésa'/u{-e Vq/ULU.'

Ex.) ,P,’y\,, ('x.'-'_v,) _\._?::—_2__\_. = ,Q,‘m .(’X—F”S) l(fx-,wz_) |
X—>-2t Xtz ey -0+ (X+2) |
= Riwm _;u+3)= —243 = | Lix+a)=(xte) for 2> -1)

X—>-2

Ena: fim  (xes) X221

X—>-2" X +2

~(X+2)

= Liw - ; (_’X—r’_',) [\7(‘4-7_\’3: ~(x+2) lor }r<_q_3

Mionitr®™ (Xx42) .
| asdv  Ca3)(-1) 2 Diwr T (~2padany e
X =~ Ot L0 4 g
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CHAPTER THREE
DERIVATIVES

Devivative 1§ a :-\Anct'\m used ‘o Mmeasure ‘\:\'\e raktes at

which ' '\V\\SS c\Wa '\%Q :

The derivative Can e defined a5 « \iMi{:'\ﬂS values o)
mverqse C\'\Qv\_sgs .

3.1 SIoPeJanSQn{- Line , and Derivating:

>

'X_x. w e Wawve 'E\’\-( gr\M\CE{GV‘ S:S'(x)i 31
Trom potnt P Lo point Q:

s\o?e og,- Secant \\ne —

* JAN
Average rate c& C_\'\q»\%e = ?3'(

o
S\O?Q ,&_ tm\ser\k \ine at P= ée\r‘i\lq.k-'\'\ﬁe °$— -ﬁC’K). ?‘E' P -

To X-inc\ t—Lc Aer'\,\lcx{\vte o‘g.tl«q g-uv\c{-\;m«\ 3:&(«) qt POfnf p: ‘
e s\o?e cfg- he tanaent .qt P V'S the \".W‘"t"°£ tl\-e
Secant S.\oPes a s Q “peroqi\«a_s i “\“—3 tha curve.

ov ﬁérivﬁbim c'gr X-bx)’ = Rim Y_ Secant S’oPesl
i . AX—>o o _
8% S (x+a) = FOX)

YAYS . AX

3| Derivative of §0x) = dim FOxt sy - F0%)

OX—» o AX

and D'X (-‘,‘-) . And 'E\A-Q SECOHJ Aer‘l‘\}qtiVQ dlj

\03 : 3“ 7 %1. > 'Y”,('K\ > ~--

BA\YY Aer'\\)c\-t-_'\vq \S _éenoteé \0\3 : 3, AS p) I:/(x) :As’

dx
denbb&/




g
bt

s, }xy= Rim

)

B teae LSSl o) i
sk fx)< \'x g—(’X-FA’x): hx
= Y—(ﬁc-\-A'x) L (x). = . A : — X+ AX)
X+NX X T T
X X+ Ax)

_ -Ax
KCX+DxY

= S’r(x+bjc)-5’er) B
D ’X(’X+A'x)
X - (X — |

——— 9s'\w_\ g-"( A% S‘( )-.::Q-{m = =1, __-::.‘_.__,

By o DX Mx—so X(X+AX)  A(x+o) ~ x2

Delinitions ¢

-~ (A function thuat has a é~e'f"\\1°'l‘k'\_v‘€ at & Point X s Said te

be dillerentiable at «x .

@ A -?—\M\c_-&_-\mr\ ’c\r\mk Was o derivative ok Swvery foint OQ» its
A(SWan\ \S Ce\\\e& &. s&-e,rewblﬁkl:\{

Meorem: LY $0x) Was derivative ot X=c , thes, £(x)

1S Continugus ot X=C,

Note : e &-\.LV\C_’C{G;\ Mas éeri\lq‘ciw at a Pou’nt‘: l‘-ﬁ and
. only b e riolt Mond and left_hand derivatives
I f

are e.q_mq\ 3

Ex. ITs the Sunceion w=\1%| has derivative at ’X:o?\'\”\ﬁ?
2 (x+ax)~&(x)
OX—30 - A4

at X=0 —=> S;—/Ck): &\V\d ")(-}-A’K\—-_\'X\ :/?\'M ‘,__O'Hmc\"k’\
Ax—>o N AX—>o ax

= X \ ax|
AX>o AKX

1f Ax o = f}(x)-—&\m Ax— 1 % il Ax<o=>£(x} Dim Tx:"

aAx—> gt AX~>»06

£~ = Y=|x/ has ho alerlvm"/l/se at X=o.




\Z/
- TMhe cases in Which ne Sfunctign has Not derivative :

\j 1\3 9 l:
\/ &\ !
/ |
|
(o] 2 © : X Q X
Corner ' NUp ) vertiQql tangent
3.2: Diflerentiation Rules:
(D_i_';( =0 5 C: Congbant |
@ _‘L ’X“ = Y\’Xn-' » n: humber .
X {
d - :
@ :7( (\L'\'V) = %+%¥i » U O\ncl vV are !\\uerenﬁqlv/e fUHCff‘(pu,
@ i Uv) = \u i du
dx (uv) ax TV ax
du _ o, AV
O CAEIA v Sl v
Vv
Examples

d (M) (x=1) =X F) ) + (c=1) (2%)
= X%+ 2xT—2x = 3X—2x%+]

G, d x =1 £ ('x"+\)(’t'x)——(°<t—\)(17<) _4x

AX  xF4\ | [ 2 —
(xX"+1) (x*+1)?




@

EK F\V\cl '@«o_ 9-3‘_\,\0\&\(3\4 -'i—csr J‘l\& Jcc\r\gxe_“t +o t.'\,u\ Qur\"g =i
4= x+Z at e poink (1,3).

| 4
Soll, . S\Q\?S GQ,. "’C\AQ ‘EQV\QQ"‘E at o Paine p. \ ‘_’3=X+2;—-<
= Aér'\vqb'\w c&. &:La, g‘fw\cﬁtm Qf'F- 2 - ?
1
W \r\ q — 2 ;. ml }I l
e have ¥R+ ==X +2% { tangent
= 3y o) —2xX? | 2 .
A x \ I | ‘ gxd b
= % i :
= \_“?'(T: [:tLe Aeruvq-lvve at Sy ?oin‘ljo
A x )=
> S\Q‘DQ u&, 'Qb-g "bo‘r\atnk- &;MQ =~ =M

= the capadion Sor N dangent {5
WYy = m (X=% ) |
W3 = X =) =W = =XEET D W G-

3.3 Ve\oc\{;xj and Speed :

| @\/e\ocit~3: e ke rate o C_\/LC\V\&Q i ‘cLa Positio C& QA \ooéﬂ

Tt c\\sp\qcemen{— (Qlwm:?e M ,:os:{-nm)
@ S?Q_QA 18 ‘\:\«\Q Q&So\ute value 0'2, VQ\QC(E“

Speed = |\ \Ie\ucﬁ::g\

@ ACCQ\EV‘O\t(on + 1S "c\w. rotke 0&. df\an.:)e n 'E\NL V‘Q\OQ\"E‘S OS-
A MOV("\QQ\OUAS .
a= dv _ d%s
A‘\: d+*
@ m Q&(\I\ﬁﬂt\'ﬁ‘v\ Ogr Q-\ree grq\\ 02. -\ \Dqk\.i iv\ a Vacuum \S

= \E 3-\:?' “where &\s’ccmc.e 02- | gvck\\ .
t ime of Ra

9 Aravity O\C(‘.elerq{-/mq 9.8m s
‘ =324Y/s



=/

2.4 : Derivatives of “Trigenomexric Tunctions:

() ™me derivarive X +the Ssine -

M = S =8 $(x)y= Sinx and S;.(x+5x)c Sin (X+8%)

=, A% _ Qi Sin (X4 8x)—Sin X N SinX Cos BX+Cos X SInAKX-Siny
dx AX—» o DX LXK —yo DX
% S{inx (Cos A% -1)+ Cos X Sin HX
= AV ——
Bx—»o AN ¢
’ . ] = . ’ Sinﬁ')(
= &\M Sin’x . &\M C°..____SA¥ ! + ,Qnm CosX .« &\M A
Ax—yo x>y BX Ax>o Ax—ro
= 5 CoS DX~ X+ 1
N s X{M Cas AX \__ = &\w\ \ﬁ 4 Ces +
’ bx—o _— bx—po Lx Cos DX A4\
i e r T
. c AN — —S\n &
)\\M — x-\ - &\ ‘x

T ax—o AX (osa%41)  ax—»o AX (Cos X+

. 5 Sin D o o
= - X{m S BX_ . Dim LT, -._-\Q )"-:0
Ax—>o L Ax—>e CoSAXtI A\t

R-eéurn@-_%; &\5 = Sinx () + Cosx ()= O+ CasX = CoS X

'@‘ sinx=C°5'><\

@ —. CoS‘)(:-'S{"'X

2
@ ‘EOM'X: Sec X -
2
@ cot'x:_-—-CSC’X
@ Sec x = SecX tan X

ax
@ d ‘cgex = — ©SeX Cot X
dx *




@ Y = Svh X
d

EXam‘;\eS ‘

@ Y = tanx cot x

%3_ = tanix (_.. Q.S Q—L'x)?—\- Caotx (Secl)()
- M( )_'_eo's/(
Cof K Sln X Sinmx c@
= -\
= - -+ \ . =
ColX Sinx Cos x Siny -

\ + Co$ X
‘5 = (\+C°SX)(C°“‘)" sinx (=SMMX) _ cos x+cosx+Sinx
: o _
but Cof")(-(— Simex =\ i\‘ix .\ + Ge§ X - \

(\+Co$x)1 \ 4 Cos X

@ Find Jc\«a xso\»\*cs ™ *r\'\& UM, Y =tan x , ""'<7<<

where he tangent {S Parellel ‘e g g W=2X

s&. sSlepe X e Mo w=2x 18 2 [Srom y=mxal))

= %:_5_ 8‘_“. the curve NG bomx shoul d Lve e.q_uo&sﬁl
x

2, =\ =ty Cpf % = .__L.____
= Gt R == =9 X
1y ces 'X:—E—;L'ﬁ X  Sut o-&.(n{:erva-Q_ .—{_,%)
=-_ 7
1Y casxzt . = x=%Z ¢ x=-X7T
N “ & y=2x
For X=7 = Y= tan 7 _
Z Y= tanZ

For x= :f =P Y= tan "7 =~

= the points dre _(gf/)v-(~_ ~1)




(Z)
" 2.5 The Chain Rule !

e chain rule is used +o differentiate ta Composite Lunctsins
1% w=3(u) ond U=9q(x) , then

\A\s' _ 4y du dy/dx

= ~— | +the chain rule .
dx  du  dx crag e dy/du  dwair

‘jz-g.(u) u=3(k) x

Ex.l: Find ‘3/ Sor w= Sin (X*+6€)

sol. . Let Y=Simuw and u=x"4¢
= i’: i‘-”_ﬂ_ = CoS U .2X = cos(x7‘+g) r 2%
x dw dx

=2% Cos(X™€)

Ev.-2: Find %‘X Sor W= ('Xz-l-?»)q-
s wextes =y =Y

3
= 3y = ay ’ duw L\'U\S .Y = 4(’)(1‘*'3) L2x :87((9(1+3‘)3
ax aw A X

Differentiation Rules for Gomposfte Functions [u: -f.('x)] ¢

®-§_un= H\An
X

@ %Sin u= Cog -

“dw
d X
dw
dx

@ d cogu=z —sinu - Aw

x dx
d  tanu= Sectuw.Auw
B " Ax
@ A cet uz—<cSctwu. —&L
X AX
@é_ Secu = Sec\wu *cc\nu..é&_
A X x

@" }__ CSc'wu= —CcScu Cot u - &\‘*
X dx




&
Repesiced -Use- for—Chora—Rute

I8 w=%) s u=qv) s and V=) , ey

—A_%:—A-—S_.i&,oi
dx duw dv dx

Exl: 1§ wstanx , Find dy/dx .
\
4 - du = P
So—\ jﬁ = ran U = Sedu. % sec )< T
Ex.n: 1§ 3= Cos (Cosx) find dy/dx.
Sol, dy = — Sin wu. du  — _sin (C.o&‘x)-(--Si»\‘x)
— Q¥ A x :

| = Sin % . Sin (Cos X)
sin (\+tanax) , Sind Ay / dx.
N _ cos (\+ tan2x) # (o + Sectt2x) % 2
Ax: 2 Ccos (\+bcm’2-xl)'5€C1'2-'X

EX A Y ‘S_Sf 3:
Se\.

this s = re?eqeek wie where :
3= S-Luh\ = sin w_
w= 3(\}): \ + tan v
and yz= h(x)= 2%

Exa: Iy = <08 3x , Find dy/dx.

sd. 4= costT3m = (cos 39<)
Weawi= u*
V= 3(_V): CoS V
v= W(x)= 3%
=5 A% oy . (~sinv) o3 = 2 Sos 3N (-5in3N)*3
S - —_ € Sin3X CoS IX = — 73 Sin €%



<))
3.6 Implicit Differentiation :

‘_'lT«.Q_ \MP\\'C\.*: éigkrentiowf(ﬂ/l fS USQJ to d/"pﬁerentl’qe& fle Q?uaf-,’ons
that do not \'\o\ve +he value 0'9,. % W terms o—g_ X .

SJcer $av solutiaon :

1- Differentiake Yoo sides o}yl Samation with respect to X.
2 _ Collect {-ke terms °S’. Ay/cl‘x on one side .

3- Factor out J_y/dx.
4_ Selve for dy/dx .

Ex.l: Find dy/dx For 2y= x"t+siny .
d
Sol. Zi\l:ax-;-c:os_yj”_(.

x
dy dy — 2%
2l — CoS\y 23
A x osdx

dx
39 (2-coesy)= 2%
dx
Ay 2x

t_gydy _g gy 3 = ext = dy o x*
sl EXeEYapiRe =P £ T3 e
d _ d '<.4y) L e X (g%
A“L d dx (:l y 37.
= BEY. GL _ ex | xdy
g yT Y y’-(T)
. dy _ x* 4y 2% T Xt
Substrtute 2L X = X X
I gt ety L8




@©

Ex.2: 1F lf\jf't - (S tn 'l'x)q..g_ (I A" >’-.i- - g";’lcl g ot ;;__.__;_

| : 3 ' 3 |
s 24 }j/ = [Lf (Sin 2x) (cos 2%)(1}]4—[4 (Soszx)(—s{nzx)(z)]
/ 3 3 , |
2Y4YY = B Sin 2X Cos2X —8B CoS 2X S(n X
.2_33/ = B Sin2X CasLX (S(nli?é* CﬂSzZ'X)V
- T . 2

[*_‘]_;> _233/: 8 sinzx QOSZXCCns_,..\.ij“Sm. x) |

—2yy’ = 4 Sinbx cesyx

—zyy’= 2 Singx

—_— M= —_—
—2Y . 3

Ex.y4 : Frnd {:L.e tarvent and {:L;e narmor/,{:o,t—l‘_e curye
,x'z___,xj_‘_j?_:? SRR Point (-1,2).

SR, X'—xy+yt=7
2x (XY +ym)+2yy'=-e
ZX =%y —y+2ryy’=o
3’(7.3—0(): M—2X
32X the slepe of. the tangent

EF=s at aty potn€ an fLe curve,

—=> :’/:

B e, e R GG A =5’/°Fe'°ﬂ the tamgent at(-L2)
le‘( \;?_) = Y 2(7_)_(_4)"'5 ! ’3 .

-l _ =5

4s 4

Slope crf_ ’c\'_»a Narmal line at (-,2) =

= The eqnakion Yor e Aangent {5t §=4, = m (=%, )

| :s-zL;?(l";"(*'»
= 4= E’X'l"-E

We ea‘_\w:k'\c‘h Yor ‘Q«e nermal k¥ V-2 = %(*“(“13)
5~‘L:’.Z€‘5:g(_£

= Y4=3 _§
4 il
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Exevcises 3.6 /P.18% :
eind dgfln Bar = < L -o=
dy ‘ -1

—
— —

| —1
R TR e R P T
@Fmé dy/dx Sor \3:\55'&2%

\
So\. =\_3-__. x Sec Lx tanzx (2) =
— A A2 [secex )

——

17
‘-../
s

Sec 22X tan2x

\j S€c 2

@Two Curves are cr"b\f\cgov\q\ at o ?Q'M'l: of '\v\{:ersecf:c'on if
-L-LEW- t—adﬂent: 6Z1ere CrosSs a+ rzjht anj/e. 3
Show that the curves 2x*+3y*'=5 and Y° are
orél\cvona.l at (|,l) and (';-’) - v 3

2x+3y%5 2 ¢

Sel.  2xtpayt=s
4x+6yy'=o T (1o1)
— ! t
M‘L

/ % x -2 r X a
SE— /)= Mm > X
=Y ; = (5d=m,
' (\y~1)

My ¥Mq= :31.*3T == => the two Earpents are perpendicilar

at the fofn{—(l;-l)o m; = :& (_'__)_1
3 )3

My M, = 33— ¥ TL}: -1 @t&q tWe ‘('a'v(’nt‘f qre loerfendt'c,q(qr

= The tWo Curres are or-féajaaq{ at (l,1) and (1,-1)
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'chv-qme-b'r \C 'Eq,v\.o\-'c{on S

—

N Parameivic Q—Q‘V\D\*ziﬁv\s y; t\‘Q VO\"'{O‘L’IGJ' X and j are l=?¢>'.t.lv.
given as Sunckions of a third variable t (called parameter

A\Y \’O\rqwxekr(c e—%\M\t\m g—e\rm \S xX= %(‘t) - y:J(t)

K :
Ex. Sketch Xx=t-2t 5 Y=<+ -

Sol.: Make a table with arbitrary values of % and bmd Lot
X ond j ,tLen 51<€£'CZ1 frcrm /:cu'r} O,Z X cmc]j,

t X , by
-2 (—-2)1'-2{—?.)= ] ﬁ7_-—+ | =~}
=1 (== (-)=3 |-t +i= o0
o |(o)=rle)=o| 0o+l=
L a2y =1 | V=2
73 Qz)—"_.z_(z)_: o 2+1 =3
3

=

(32 (=3 [3+1=h

The Firsk qué Second Derivatives e the Parametric E?-U.Qf'l'OhJ:

(D e First Derivative :
We Wwave x = £ (¢) » Yy= 9(t) > these +wo eq_u.o(t-/‘cm_g are .

e,q_u'wcx\en-k to Y= F(X)., And we want Ftx) [orj—i‘-]:

q= FC'X)
gt)= F (£))
4
clfH—ermh'a{-e =3 S/C-l:)= Ff( ‘P(H) (B ’ /
il i eye Fl(a) 80 = Foo= 322
d
> 43 = S/At—- fLe lst Jerivqéive fow parametr/c
dx  dx/it equation




t (?.TV/;Q Secor\é BP_\"'\\IQ’C'\V‘Q‘.

/
—WQ SQCO'\'\A &er.\\JO\t‘\V\Q '\5 Az% = A:, /Clt 9 y/: _cl_-_y_
dxt c\?(/clt dx
d (¢dy

A%y (32)

g A')‘C"': T/:x ‘E\"Q sz Aeri\/u{-l'u&e [or /quame&r/'c
sgcks Squation .

D0 el X ot du ol A
Exqmekn 1§ x= e s 3\=¢t ;g-\v\é Ix and T :
Solutioy : dy 18 dy/d«

dx  dx/d4
é_: 2+
d &
dx Q=)W= _ \-t+t N
";‘;"' Q-—t)"‘ (\-t)> Q-t)%
= 3y _ 2t e (0-t) =2t(\-at+ Y
ax \ _
Q=)
s %‘ - 24— Yty t’
X
d /dy
-~ New 4™ = _‘E(:’-‘-
| dx* dx/dt

d(duy= & (at-¢evet) = 2 _gt+EtT
dt " dx d+t

Ty m ZLRRECE - (o) (2846t
dxt il

Q-t) e |
=0 -2t +t*)(2-8t+6t) = ¢t —20t +24t -2t +2

. ' o
e Final step Is 7[‘;'»10’:'27 .3_5. and icll__y..t (n t€rms °{ x Lj
X x :
a t . ’x C i
- e + = .| Substitute t 1n termyg d:¢ x|
usmj i g X+ [ ~ ]




Y

L H."Fi?“l s—Rule : g 1* .Hcrp;te&; Rule—saygr—— i

, L (%) : , .
13;— fl::c E-E-;-j- \'\a\s \vtcle’be.r‘MurLa.ée -?Qf‘m % Qrg OMJ é/taf

/ 4
Lim ) =L (or F o) . They Nim -'Y'-_C_?f_)_,: Lim m
x—>C 3’(7() x=2>c 9(x) x3c 3’(*) '

C: any number or Foo .

\—- Cos X

' 1 Find Qi V=V o
Ex.| ! % >0 Stm X —» —== = ==

Use L Hopitals rule = Xim Ul %-i(\—- Cos )

X~»o Sinx X—>o =
It ;
. Tx(Sm'x)
= Nim 5‘“1‘: &\.M tanx = tano =g
X —pa Ca§ % x —>a
Ex.2: &{M X;Si“?(_. e -
| X o Xt =
| ’ i XK—S$inX . \— cesi o
H f'&'ﬂ.l — &1M — = R1’m P —  —
j L Hap . ;X—?u 2 x—wpo I 2N )
‘. L’ Ho I"Eﬂ‘l ain Qim -S—‘_’_‘_’f =" 2 = o
" F qﬂ ' ﬁ X—»o i 2T T
[ '
[ Note : U Hopitals Rule can be Wsed vepeatedly]
_ 3 2
Exa him BCHIPH o
' X—yo0 el 7 oo
SN : . T .
L'Hopital = X €X X EX _ fr, ZKCXHAIY g oo
X—y o0 2% X —% oo 2.% T~

EX-‘f : .X\'M (Sec‘x—-tqn'x)h —_— OO - 9

X—1
T - \ - . ,
Circumvent the problew =3 Aim - (oo ~ 20K
x—T SO%  Cosx-
L .

— SinYx o
\ A B

o

T ,in\ '
7<~—7:n{' Cof X

7 L e QoS
L_’ Hopf{_-q/ ﬁ.> ,QIM — e, @

x—T —Sinx |
T

i
(0]

e R
. —
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CHAPTER FoOuRrR

APPLICATIONS OF DERWATIVES

0.\ ‘.R;.\;:L-{:ec\ Rates of C\mn3es:

ﬂ

1§ waker s ‘aum‘:eql inte a tank )

¥o{:\'\ t’ne \.lo\uMé Og. {:L\e Wa-ter (V) and -~ -
the \*\e'\s"\t‘ ‘&- Water \evel’ Ch) are g
.\v\cre«s'iwl and their rates ol increase g I‘v\
are related to each other.

| T™me “vate ol c\«qr\%e in c\_\ko‘n’bits \s ‘e derivatiwve G‘g. thys
q_\\qn&:‘\t\j w ith respect to the time t .

In i QKQMF‘Q'-

dt
dh. ts :,\\e rate os, C\\o;v\.se in the water \Qve_l‘ |

—

dt ‘_

B\ {s the rate oY Q\“’"\ﬁe in the volume of Water. l

SV al dh are called related rates .
dt _ dt

1w related r;\bes \Dro\o\ems , we Com’aute the rate og_
C\\qnse o} one é\_\mn-ﬁtj in terms ol the rate of Q\»\qnﬁe

o$ qnpj:ker Juantity (which may be more easf{y meésw-eJ).

| Steps for solution:

1L Wi te an e?_uqé-u'on that relates the variable y,uan{-/t-ies.

2. Differentiate beth sides with respect to the time t .

3. Substitute the 9iven information and Solve for the

un known rate .




&/

CEx i How. jﬂgg 4:\cwe.sr ’e\'\e Water-teyel Ara? NM&T
a culindrica) *ank s drained at the rate o,f SM/.)ec

Se\l. Let WV = VQ\u_me og. V\JQ‘EQI‘

V= Twrh [r:CQns{:qn{-]
dV - el il
* i
dt dh
-5 = v " A\" | BT
‘ Jt
= é\; = - _g_._. m[sec ['l:.\r\e Minus$ Sl.%n Means that
At N ‘h’l\'\.e \AJQ'ter {Q\ml I.S &E.C'_r'eq_s l'a ‘J
1% \r‘:lm-d}.él‘_.:—il:;—g‘mSec_
At TT (V) T

Ex.2 : TwWwo cars leave a c‘e.‘:ot Car A '\:‘r‘ml*e\\ns eagt

at 4o M,aln and car B brqveim\j nar(.-h at.
30 mPh How 1ca~${' (s the él&'\.‘QNQQ between

-t-,q.e carS CL\G'TJI'ﬂJ aaf-{-er é Ml‘nu-(—e_s?

Noarg ),
Sol.
s = ’X?_+ :}1
ds — 2 d% dy
25 2% = 2% 4+ Ty 23
t dt > dt
ds _ 'Xi".-& ‘\_\-5_
AR E S ( dt = e‘f)
— mile § — ¢ | _Jdt‘vnc
After € min : X = 40 = *Zg he = ¢ mile [ue/oc‘j t.-mej
= 30 % L — = mile .

3
S = [xtagt = \ﬁm 5m./e
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Tex.3: A waker tr’ou\%\« 'S 1o m \or\% and a aross Section

has  the S\«\q\:e ol isosceles trqu}o'\J as shawn
in e Yr'\i\xre belowa . 1§ e t—rgu\%\/\ £ \oeiv\3
Filled with wWater at the rate of. -2 ME/MI'H,
ko@ Fact vs the water level r‘isl'nj when the
Water (S 3o ¢m Jee{: ¢

L Bo <m I
L I o |
L L [
|
]
w.L i
AVJ
Socm e
o s
30cm

L 4

Sd. Let V= Volume o wWatrer,

N (03+2%)+0.3 xh xlo =(0.€+2%)* 5k

L j ) oL
Cross Sectien area 7—'”"(3"
of water e':f“

=> Y = 3"\+10'Xh

x
¥ rom su'mi,an'f-j O,C tn'anjles:

X _ ©0:25 _ \_ 2 57 = W 0'5'“,‘1:.
T_ o.50 2 T =z 1
Subskivuwke = V= 3h +\0 (%)x—k ‘& -

= V=3h+5) |
SV _3dh o\ AW dw _ Ve
d+t dt d+ 4t 3410l

0.2
At 3+\0(e3) €

\'\':.f 39 Cm =0.3m P _c_)_‘_]-:. Q0.2 => e\\\ _ 0.2 ~ ____Lm/m.,
at 30




¢ |

Exercises 4.l /P.222

@ Water runs into Qen\ncql tan , Wl‘{:l«\ rQJlb(S o-ﬁ qu,sg
of 5 £t and \«\e\s\'\t \o 5,‘-'& , at the rate ol 9 f¢3 /Mm

How fast is the water \evel rising when the water

LS 6 ﬁ{: JQEF
AW Y = Vo\lume q&_ Water
N = \?'\Tv—z\\
Troaw Swm\qn’c: c&_ t\"\om.c&\e;
Fnee BL = Ve - h
W lo = = EN
I s S e
S | R
=iV = o
AN _ zem |0 dh ot d
20 (a8 J2 + ¢ Jt
at b= . , 2w 9 = I (¢). dh
d ¢ = ‘f( dt
s 2N L Lt fmin, 2 0.318 dt/min
T

Aclglil:,‘on";_ Hawlﬂajf 1S ‘(’A.e 5‘.4"1£<a¢e_ Q"eq'o'.;'_ ELe‘Wq-{—e’k
" | c"\argjfry when flle water s & 1/;4__ deeF,P

Let A= 1’:0'1:4/ Suffacé aréaq 0,£ wWafer
= area o,l: Ag.re -+ side area of the Cone

‘ITP-?’_'-}— mMrs
NS

t



=2

From P\‘jt\'\QSQYQOVI t\'\eov'em‘.

s pe (AT T )RR
== A= %\41-&- _2{-_;_77_;‘1
%%= I\ '\T\‘t_{--\s:i'n\\‘ul_
at hz € : A\‘\:_\\
dt ur
—:}A—Z:C‘%*G-’é%‘_—)+(g*ﬂ‘*é*~\%—): 34+3V5 ﬁti/m,',,_

N

T 9.2 £/ min,

@Two S\n(?s are steam.'ns Stmiakt qvoaj ¥rom A Foint‘ @)
rautes that make o

q\ovxa

120 an&le_. Ship A Moves
at |4 knots. ShiF B moves at 2li knots - How Lot
are the '$\'\'\\os Movin apart W\r\en QA= 65 and

oRrR = 3 \‘\.O«V\'i:l'QO\\ miles ?: 6080 ff' /( / ,,12@3
e = 5380 Ft nofg.""
Sod. Use cesine law: .
e .'»s-z.: 'xt-(-wt-’l"xw d.s i) o
e ‘\;o":"-n A
c:(as\'Lo-_-—‘z a8 e AW KW — W S ;~...
ds - d d
25 85 =2x 8X 4 2w 2R dw 4
1t ae + Tt *"‘I;*"“’ﬁ-——-—
when x=5 , W=3 = st= 6 +B) +53) =47 [From <41.0]
' =5 s=7 nomticad mile
10 il o |
T> 2*?* d4

(s %1¢)+ (223621 4 (5 %20) + (3*1F)

—> a5 _ 29.5 knets,
dt
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Y2+ Maxima , Minimea , and Mean Value Theorem :

—

| Absalute max. valye
T | (Also -local )
, 328 e
| |
| ' \acal
l local max. value I Min,
| t | | Vvalue
I | l [
| I ,' |
Rlﬂoh.u;e "i'n. | : : E |
value S ' | |
(ﬁ\&o \ocal) o | : : IP | _
b : . S
© = c d e N X

bﬁg—t'\'\'ftl‘ons_".
Dboecal maximum value : s the maximum value o8 $(x) Sor all x

in some cpen fn-t'erVq/ qbou't- C .

« @Loml minimum value : (5 the ninimun, value df Lex) for all x
in some open interval about d .

:3) Absclute Mo X imum VOllU.e : 1S -l:l\.e. Mo Ximum \/q(ue 0£_ ;(fx) l
for all x in the domain La,b] . [at x=e (n the fig.]
@ Absclute Minimum value : s the Mminimum \(o\lug af_ g-c'x)

n the domain [a,b]: [a¢ x=a in ehe $ig])

.ﬁor all v (n

Note : For the endpoints (o v L), the \ocal . MaXimum

OMJ lOCOLI M('HI'ML(M Coﬂ.S,’c,ereJ ﬁo,- hq'ﬁ'olb'en ,’n{-er\/a,.

The mean Value 'H'IEO"‘EM : y

—

1P y= (o0 s Continuous «t every paint
oﬂ 'mterval qubj""""’ J/fﬁere,;t-/qél,g,t),en
tltere /s at '/ea.st‘ one r)umé,e,.- C \oe{:w&n_.__




\/
4.3 : Curv»e Ske{:clﬂfnj with 3/'ancf \y”,

First derivative ! Y

e Nirst derivavive og. a &-\Anc{:'\on
qives the S'OPe of the f:anjenfr to
the curve of the Function.

' o
We have three cases for d’ ¢ ‘
- 1F 3/ 'S FMH:'\ve. = 'b,"e ﬂuncffcn /5 r'nc:keasz"{] .
2. If 3’ 'S he&ah’ve:‘» the Functrian 15 "’f—"c-"'e.q.si»(rj .
/ ' ’
S- If Y=o at x=c = the function J1qs local Maximum
or lecal Minimum value at A=c

L the s{gns of Y/ are different

Lef—ore anJ ot;cter' the po:’ntc_

b
g’zo J
+ 7 N - =
TS .
l Y=o -
° 2— 3 " C
UMimimum)

Notes :

1~ A curve may have a horizontal tﬂna'ent without lev:'nj
local Max. or min. value .

y=x3
For example : y=x° .
3,:39("
at x=o0 =>Y'=o0 o X

. (no local max. or min. at x =)

2.-A curve ma\y “lqve. /o_cn/ maX. or min, value WI'-t'zrout- lfqy,‘v

horizontal L—anc,ent-. el
For ﬁl(qmple . y= | x| (s not =[x/
differentiable at X=o of% .«

—\ i tanarnf .




)

~Second derivakive i

e secaond derivative Sives the Concavity of the curye

TFor Q‘XC‘&MP‘Q/ '\-S'— we \«owe ’c\xe g—ur\ctiqn y:O(?' 2

g/ Ny 3
/ 7z J=x
/ Y =3%
W, . : Concave
J is-ve\ # Y 0s tve “p
v
o \ & T ey - X
3 ”:: o
Concave
own

We \r\_qve {:Lree CasSes 160'“ J”i
" L W / .
g 1 Y’ IS Pesikive =p the curwe IS concave up
2. Is_ sll i V\Qsckfiw':} ‘*:\'\Q Curwe fS CoancCave Aown /\ =

4- 1} Sl/'zo at fX=C____$’>I the Point at X=c (g ing-\ect\'on
point (§ +the signs of Y/ are
ditferent \ée.-ﬁ-ore and q{'-tef C.

J ) T £ J "-3@9
k(nf—lectfcm point | + "\in-g—lectl'an point
ol —-—bx Ol -
Notes =
1. g may be e_?_uq/.f 2ero at a porat, byt +), point I's net
(nflection porlnt . T 4
. }J:'x
Ex. y=x"' = 4= 45> = y /= 12x*? \ /
At X=a =2 y”:o (Lu-(— aft X=o no 3 L.
inflection paint)

2. The curve max] l’ldve |"nﬁlech‘cm pormt bur j” ciae.r not ex|st.

o x

i ] A Ny
Ex. y:%ls=$312-%% “:»5“::}« /3

=y = LS:(%%) [nloé SXist at X=o")




\2/

Motes - D Critical pointy is the point where yzo or 5 not defined
@'X_S]. 3’:0 and j’/ IS Posft'l've at o point = min. point.

@ -S.X' 5(:0 Q'\A 3// ;S y\e_go\.t‘v\e At A Pol‘ﬂf :} MA X, Poiﬂ‘t.

Exqmﬂes !

3
Ex.l: Grq\:\k 4Yy=7% —'3')(1-\-14-

| 7
SA.Q) y'=3x —6€%X
‘=0 = IR —EX =To = 3’)((?(—2)‘:0
and X—Z:o:@>?¥=2

=@:&x=o:ﬁ>x=°

' cl /:
at x=o =>Yy=@-3C t4=¢ Sin 2
, ‘nt ++++ ————- e
= (o, %) Is mMax. point: <'> }
R
3 = / \ /Y"\'Sinﬁ
at X=2=Y= 23V +4{=o rising S—a\\mj
= (2,0) is min. pent:
C)tfﬂ:(x—é
y'z=o => EX—€ =0 R e i-i—++-t-++
= 6Xx=6 =‘>E=l; 1\
3 + cancawve cancave
at x=t =2DYy=1-3M+k=12 dawn up
= (.«,7_) is indlectim point . 3
' X —4X+¢
@ Interce‘:ts t xX+) j'xs_:;x':f.q
= J - N
For x—intercept: Y=o 17 +‘X_—{.
' = 4x LY
o ,)(3__3’X'l-+q=o f—‘{'x"'fﬂfx
(x$1)(X¥ “4x+4)=o o e
' l : IYXF
X+1 = =% =-I 00‘7‘

XLy +y o = (X=2)(X-2) =oD[X=2]

For J—\"‘l"ber’c_ePt: X=0o —_—$




@ The G&r.q,.?\«\ -

31

4

. — =—-n' "
Slc.e_-tc\ﬂ 9= s\mX + Cos¥ g—rOM = —‘7 o

Ex.-2
SK. © 3’_—_— casK —SinX
Y=o = Ssinx=cesX
[-{-.cmsxl—_‘—) tanXx=1 = 'X::.-‘ET.
| ‘ o
a x= T = = Sin?l L
[ z =4 T+ cos T
R " i .
'\,—_;_—+\‘_{—\r-£ "

:7(:”‘;, \F__) is ma¥X. Fou‘n-(.—.

@ 3”:.—-‘5(’1’)(—&59(

- = 2 2
=P ¢ z
» —T ;=7 -7 - _,
E Xz — =) = 3Sin — Co§ — = :'_l."'.'..:O
3 % J g * Yy wnve
at x= =2l = Y =0 [‘V?.-—T'-‘\._b]

@ I.ntercef,f-; .
,y— a'ln{-er.cefo\‘: !X =o =?\‘7 =1

' "X--l"‘lbﬁ.fcela'f: tYyse = Sinx+cosx=a
== SinX =—cosx =2 tanx=—/

— = -7 3T
=4 oSl %K.—;-?—




w
: Ex-3: Find ’X—fntercepi- and J-I'nferce/:f For the

Iuncé/p,
Y= x =2 x 4 ~
~X-1
_S;'_S.L_; 'X~'\v\+e\rcep’c: Y=o ' | m
X —2 x4 =0 | . E_Z‘:_‘_{Zf_i
(X =1 )(X"=%x~1) =0 : :'X:iq
XK=-1=o |x=1 ‘. el
and XT=X-[| =o @Q'X‘L+L"X+C=o ﬁ

X = -b :{.\E\:}-‘{-qc °
2

x= V F \S\"'LL
Z

2_ 2.

3-—'m+erce\(a&- X =0
= 3=(°).s-z-(°)x+1 = | =Y¥=\

Ex-8: Graph y=x+4sinx , ogXg2T

S, y'= I +cosx
5,:0 = '¢°S.x‘~"-‘$;x={-ﬁ-

5'\3‘1 0-1.‘3/1
,'+++++ (At 4
' =3

Y= - sinx oy

Yy"= o =» Sinx=o
=3 X=°, T, and 27
at x=T ——-DJ:w-rsc'n?T =T

= (T, ) is t'nﬁlcch‘m />m'~+-
’OU”J"A at X=° -_—$3 = Q+.S"|0 =0
atX=2mT=J S2T+Sinzwr =277

= the Jpoints : (o, o) ¥(2m, 2m)




@
4ot Grapking Retional Firetions

Alswm?’catei: 1§ the distance between the %rq\b\‘ and Some
Yiyxed \ue Q‘??Y'QQC\«&S Zero «f the 3r°\|=1\ Moves Lorther
c‘\v\& g—éf‘k\'\e‘.\(‘ -Qrew\ ‘EL\Q QP.\eﬁiv‘ » WEe qu tl‘lqt- t[,,‘_‘. /Me

1S asymprote cg i-\v_ %mg\«,

Thevre are :-Q\”— tj\:\es ag. O\S‘\jmp"lfié"tes:

{- Horizontal atymptotes.

2. Nertical QS‘AMPH'&U-

3~ Oblique (or Slant) asympiotes.

4- Curved asymptotes.

OHorizantal asymptotes:

The line y=b% is herizeontal: asymptote of e e\\'rqt\-,\

- i L ther ¢ b} 4=8x)
y= £ (x) \S- eithe . E/ i
Qim f£x)=b  or Qim $x)=b

X —» 00 ; X~ =0 o X

To Lind he '\f\c_r'xzqv\’cou\ F’_«Sﬁjf"\p{'o‘c_es g—or' Q gﬂmc‘cion,;bqke
the limits .oﬁ {:A-e Function as x QPP"oqclieJ o0 and — oo .

e h&mlh‘vg Vq{l:tes ;vévr’eéent | b, .gnj ot 2

;'W\e Worizontal a;cjmlo{-ote.r wl( | be y=b) and Y=bz.
LY b =ba (£his (8 o common C..qse_‘) > then the l'_t,ar/'.&anfq/

\ dymf+0te becomes 'y"-"b A [b: br:bz-j

b , =
: ) \ f
Xl ' . e j /’ J_g /-f-..___%:;’
l :, | e
S ] |4 — = 1 _'.. — - r | y l
OQ. f;moo K""' oo Y=1 l JFS =
X‘M \+ .(%—' = 1 + 'J?. :' TR ':.. A K
X —» - 00 sy L | :

—_> J:I I‘S hori%mfnj Tj'jmff'aff R



W3)

: Find e Norizantal asymptotes Lor the functron:

_ \i27<7'+\ .

3IX—-5

. \
B
SOQ ) &.\M m — &im Xt ')(1.__" _ 240 \H-
' 5

X—»o0 3 X-5 X —pS0 X

R . 2 3
e L
: \
T % S +=
Qi D2XTH1 g S Nt —Vim —Jﬁm
X —p=00 3X-=5 Xy -oa \_ - - \ ey
. (3%x-5) S SO = (3%-5)

X % xy,
Since e IxE 4

n

. - And we W

Then It = - = x=-FF = L \\r—
o~

— =S
= N xz 5 <
\_\:
X —» -co 3 I~ 3
xX T

% e \*\ov'\am&o& cx&:ym'\fﬂbes are = “BE anJ Y= ZEE ;
@ Verkt cq\ A&\S\M‘Pto‘\:e_s 2

e \ine Y =a s vertical ASymptote V&

‘either Xim fx)=F0o or [im Tlx)= Joo -

X —vat X—»a”~
/ l Y= £(x)
Yo Siw) the vertical asymptotes For -8 | .
X=a

a-puncitl'crw ) find the Values of tL\qt Mol e

*L\e ‘JEnomu'qu-L-or e?_u«ls Z2ere oand C\Aeck t\«qt {—LQ Wmi g

of & Sunctim qoes +o (c0 or —~o0) as NPProache s
Lq"' ov a” ) .




NG

o "
=t es = :
=% Find the vertical asjm/o{-ot oeor e 'X"--‘l-
SN . ’Xi—éf:o@ 'X’—‘# ..-:..—_}" X=2 and X=-~2.
. w8 -8 _
CACC“- : ’xog";* 'X?'—C,L ? = —Q0
Rina —% = -8 =~ ©0
x~»-2% X~ e '
s RemE  end pws are . Vertrcal qynfm

Ex-2: Find 'tlf\-Q V'fo!QO\l aSjM/J't{'O‘éQS /Or‘ 3-;’)(-!'7( €

R A
,SA. ‘x-lf-_-cg'x::q-@'x:'z dncl X= -2 .
Check + Qi xl'l"x_g_ = Lo # oo ar —ao
x>t  K-g ©
&{\M X E4+X—-GC o = co or e ® I

i T s
K2 xX*—y

= x=2 IS not vertical asgmptote..

fx—\-'XC -y _
Now &{w\ o s 8= g T a0

= x=-—2 s +the vertical asy miptete.

Note . If we elrcumvent the /?féé/em:

XC+X—€ _(De-'—"-/'; Y(X+3 Mo
d— q{z'.;(* ! g%q_) (f)(_‘.—]_)ﬁ £ X+2
X+2=0 =D X=-2 (5 vertica asymptote.




N
@ Obligrue (or Slqn-(;-) asymptotes :

When Nim [ £(x) - (Mmx+b)] = o

'X—»{oo
en the line 3:m'x+|a 'S ololn‘q_ue
O\ijﬂpfott Yor '!:l\e g-unc{-io\q fx) .

For the rational gﬂmncf{qng:

1% the degree o8 numeraser is one qreater thay e

c\&sree ,°9,- &enom{v\q{:m‘, the 3r-qu\ ’10«5 An oloh‘%qe asym.

To Sind| dhe c\oh‘arue asympiote |

Jl'w'c{e tlve NUunie ro to
over +the cfenoma'rtq-i—e.r— (bj lo

9 drvis l'on) .
The result represents the obll'y_ue ASY mpto te

Ex. Find the ob/;'g.ue ayM/:faée for S x5-3

2Xx— 4
Use loy division : y
| X4 x=3

"o X v
=. Y250 ¥ o5 FxE2x
v ¥ i d > 2%x~3
result rYemainder ;'L'X-’t’.‘-/

= A= %*’1 “3‘ &Le OL“.?_LLQ O(i]M. |

Note:

A ﬁﬁnct}'mn May have obh‘g_u.e a{jmpt—oées'bué It 'S net
rational, -ﬁunctz‘m -

ir : ‘ ) 5 N
“For example : the funceion Y= 4xXH9 3ms B

PARE -

oblique ' asymptotes y=2x & y=-2X. S
% ' ‘] F Yz-ax\ | ,/Y=1x

o" - X




Y,

_@'GQ?VTJ"Q'S\;V"?{'OMS % S et A e

1 Jc\r\e Ae_g&ree Jr NUmerater 1S Mare tl,\om oue 3Ye<ﬂ:0~

Jc:\'\cw\ t‘\'\e. Aegv‘ee cx. &EKQMiVLGCl:QV*J -h\«e qum‘Pth
becewxes Q_LU-V&J : . ;

e Jc\,\e‘ \Q.,\3 &'\v'\s(ma +o Sr\'.nA Q«g CurwJ Q{/um,u(-o'é—e_

&_ Find ‘c\r\e Qurwagl OlSjM/:z’-o-ée [};r—ﬁ 'é'lte ﬂurzc,{-z'cm

Gree x4 _ _
—. .xz- - . YL |
3 ) 2 f
soQ, 5:,’(1__‘_ \ 'X-'Xq-\-\
L . . L}
: Afn K x4 ‘L’

= W= 1S e curved oly‘“/:%at‘ﬁ’.__—a_?ﬁ—

b, :. f
/

e
W™ sug——h . |

We resulk G&. divisiou represents the C'U"AQQ/
aspmptote . [ y=nx® iu this example]),

/4

Dominant terms :

Like ¢he q{}mp{otei P t—zte dowu‘n.q'ni- terms s uJeJ to

8rqr.tl’ t#e_ ra tfonal ﬁunc{-f'cms_
ik xX+3
xX+2

L’mj c’l‘\(/'gl‘m => Y=1 4+

Ex..

|
X+2

=1 S:-or" X —»toco

\ s
= - : x -2
tj FouTe g-o\r‘ s o

=00 end _, (

) qre dovrinant terms f

i, A e B
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Note Sgwxw\ek-ri + derivatives + asymptotes + domimant terms

g'we ngg'e.c'\:'\\/e, 3rc\\>\\ Y«—(:v- V‘O\bian\ g,-\mc‘ti(ﬂ'\.s.

Examples L. raphing ratiane) Srurnictions ©

Ex.\. Use .Sts\MW\Qt\"A : g-i"S‘t AQY‘(\JQ£'\VQ SechJ cJEI'/qu-/ye
to ‘3"°~Q\A ‘b\«e Yvu»\dc\m

o\nA o\SJM\:bot-es

x‘L
=
X" -

sd. © Symmetkry

L 1
Cexy= &0 - X - f(x)
| )=y - xt-
= e ﬁ-uﬂct-,‘m,, ’'s even ﬁuac{-:'cm ($3mme{-n'c abeut
g—qxh).
) ':Ls+ d erivative . ‘_
\ K =\ x
e 1'% === 3Kt
= ______T_-
2 2.'><
y'= o - = T 1-—z'x
Qx"-—n)‘- l) Uz

H/_;Q = "‘_._._-r#o qné LY=o = X =o
x!.__l)L
The values o} x that make the -Ls*.‘le‘”'vqum(:’l)

- =0 = = = X=| Y X= =1,
Sian R,y

not Aeﬁ{neJ. are !

’f\'\e VO\l\keJ 09,. X fn w\a\'QL' ++++,l++++ll—--—--;~__:_

jl:o and j/ not Jeﬁfnecl. /, ""/4 « .\.&1 \
at X=oc' 4= | + \.L 2 l—-l=o
(o) -\

L= e -geink ::(_O/o) 'S Mmax. ?0.\&&-




0%

Gz o) 2 - e eag)

e e ol -
@ 2" erivative -
I,

—

WY s e
(,xz__ ‘)’?_ K X'l_\)"\'
oyt gt (X)) :LX}{)[*C’J*‘);““J
(o)t R Lk el

o

2

\

=§3”: 66X 4+ :59(1-1-2- -

(x*=1)* ( ) <@<-\)3>

¥ \ d C?(1+'L = = ')(1 any

Y ﬁ-._____.__(’xl-‘)_}ato an + 3
W o

=
. S\'%\\ h& \‘5’/
e values 03,-")( ek wmake "

T tp, — — e
5” No+t Jeﬁ;‘nefj are X —l=o j‘ : ,3‘_-i-++_,.
> \
g % el =}')C=l' V—'X~=-, \-J /-3\. \/

e

» 4l

P - e L R LR 2.2, . o N e 5 7% b iy g A ot
| X==-1 % X=1 out T e : AL,
| @) Asymptotes: °t in =2y ne inNeckving Poiwnts,

Hor'\tm'e«\ ASYM. - &{m \ + —\'_\ = \+,,‘\ = |40 = |

- \
,Q\W\ \+\\_:\+-,\:\+0:\
_ 156

xX—=o-_co XK'=l

=2 u=1 {5 herizeanad Sympiote.

Verticad AsYM. XPlze = X' =l = X=| Y=~

Cleck : &\'M \+—L-': \ 0 oo

3
x— 1+ (e
. ‘ : ol F ¥ '
N \+ By o o & R
. + RE-\ :
"~ =

= =\ O X =-\ .\o_f\qre \heﬂc\'QeA\ O\,S\\ijJ_co-bQ;_

Note : YWe Mor{zsnied WYMp tote rray Le Jeéerm,',,ej

lfj’ U-f/'"&? L//Joy/&q/_r/ r'a/e +o d:“‘?gj--
x* -

"



\7)

3

4, @_“\e. 3"@?\:

s

—_————— e |—— - — i

X=-|

J S

Y

Ex.2 : Use ¥irst derivative , second derivatiwe, and +the

kX
7
asymptotes €o 9qraph = X )
puptotes €0 graph gz = -
.S'OQ @Aswa?’co-&:ts m
X%
y= X4l - 5 | \’ x:;
= \ \¢ A4
g mxwr (5 SMigue aygpeete. .y
Vergical 1 Xl = = x =
C-keclc &\M ’X+l-:\__qo
x>t '
= X = | 'S werf!qd q.rjuft‘Ofe.
® 1% derivative :
/ 3

=140+

i Bt
(x-1)r  (x-)*
3,'-'-° . =~ = X-I t= -3 ‘)(1-2')<+4=
(x-1)* . Q ) = °
-% ;m _(-z.).h]gw.) q(‘)(.‘i) = zim LME 4€pine1)
2

201)

X=




@

g _>_% ._# O — .____"_' “ e e LY . ,..._.rc . | ) ..._..‘_.._
e value ag_ x -E-L.n{-.- Motlce_r j hot cle,[’/n_ea[ 1S X=|=0o = Xx=|
. Sian 09,. y/
Y{o M‘RK QY \O\A\,H ?anbs +++++1 ++++—|"
. ‘ // | / .
@ Z“A derivative . &
3’: I+ =
(%=1 )% |
‘ 3% 2 (x=1) Q1) _ srk ‘
a/io_‘_&xo*o} [ ) "} —-__@_L
(x—=1)4 (X ~1) ¥4
=> W - _—6
==\ FOEE |
" : — 6 A »
3" = = (x-1)5 ?é o Sian A.- W\
XoU= S ocmi (8l ek delinad).  Erd oo
_’X:'..l o-?v e\omam =% no m-r—leghm Point. : _
@ The 3\’(1\9\1
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U5 Optimization :

O?t'\mi%ort'\on mMmeans wuxlcing the tz”'U olot-;'rnaI.

e ?r'\hc{‘:\es off moxima and mimimaq are used to solve
the optimization pfob/em;.

In dlese Problemf , we need the absolute maximum and
the absdute minimuns values o obtarn ¢he solutrions.

Steps for solution :

1-Write an eq_(mi-«;; tlxa{- relates the ?M“n{-/'t:y that [s to
be maximized or minimized (call it nou Q) with the
..qur.'o\loles which it JeFenJ:- on then, Ceall them now X,
CYi; Wy - L. etc.) .

Or: Q= S—(X:‘j;z',---)

2.18% Q \as been prressecl as a Iunct-/'cm 0£ mére Mao
one variable , wse +he qiven inS-chqt-(‘oq to $ind
ke\q’c‘\msk'\?s among tke.fe variables. Thus Q will be
expre ssed a5 a \-uncdc{m o{- one vdriable . Write the
domain o.f.;_ fAf; ﬁuncfioq. |
Or: Q= 1(X,9,2,..) = Q= §(x) ,a<x<y

3- Diflerentiate Q wit\«.res?.ec{- to the variable x .

Y- Eiwd the value oﬁ X that malkes Q to be absdlyte
Maximium or absclute minimum valye. Alse Bind whie
'.V'eMaini’\j variables Y, 2, --- e¢c.

Q ' % £ absl
¢ ' | ] ' Sa uﬂ
: ( Q.BONR ( bsalute ' 1 |
[ ’ M'”'"""e'q——qmdx.v«lu( _ ' 3 I Max. Value
N ]
{ | . ab.‘ol\&e =3 : :
1 v ( min, value {. s o
+ —’-—-——)- ' G ¢ - ' "'X
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Examples - 4

Exd - Find dhe coordinotes Yor The '?o{"n_t' ‘on the C,,um)e- "

fj=\r7? that s hearest +o the FOI‘H'J' (LI-JO)'

SoQ Let S= distance loe{-ween flte | 9 =V%x
points (’X)y) and (L/-;o) (x,9)

\ s

-

(L\';';'J) R

- ('Xz'—')ﬂ) + (\31\\5()1_

- Joc-4)% (9-o)
S=J&L~8x+\6+31ﬁ

but y=svx = y=x = S:m

(=
S= |X —F% 1§ -
= N + i oKX <oo
ds _ _2x-7F
d
* 2 It axxe
ds Z2X-F : ‘ o —
—— =0 = ————— = O = UX~L =0 -
dx 2 YN — LR HIE % %'x‘”z

Checlk the local M'mmum pornt :
From the Snjn Oﬁ e Jer,va{-n»e . ot Bt A e
o
= :-1‘- Alves local min. value. N H /'

Checle the bounds : |
at X =ao = S=J|6' =4 units.

as X —y o0 =» S —> 0

‘ 1 : i e
Now &+ at X= —7‘7_— = S:JZ%) -~ FOEY g —;_‘%5.. 2 1.92
=11 . : : Unies
=» X= - qwes absolute min. Value . (ork.)

& B il W = l
——> {:L\e Point (q_ l ) (s the Nearest ?01'\'t

\93V jﬁé,
. e o T

#He 7
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A farmer wants to make. three (dentical rectanqulqr
enclosures q/orzj a str‘qiglrt river. 11 Whe Was 1200 m

Osr g-e.nCE, and (-f- -tL\e Sl'cle.s q/Oﬂj t'Ae river ﬂeec/ no

‘Fence, what should be the J(’men.r/on_r o,l' each enclosure
(§ the totul area (s to be maximum,

E‘;(.’Z. :

enclosure

sl . Let 'L-'L\e dimensions for S/

the enclosure are XYy . ] I 3 N[

\ x | x X {
and et {'l\e -&o{:ql areq o.c ’;t:‘z y—"v.er:\\_”:\.,'::
enclosures = A 1

A = 3XY -— 0

e length of the Tence = 3x + 4y

,=> \2Zoo = 3IXt+UHY = 3IX= \2oo-4y

=> X = Yoo - %3 Substituge into eg. @

= A = J(Hoo- &3—3)3

= A= \Qoe\j—-'-\—jz' o< Y < 3Boo

d

A = \200 -8 Y

dy
A_&_ — = \’Z.oo—%g:o:.b 3:}-7i°.— \50 m

Y
Check the local max. point :
d*A - _g (negative ) = Y =150 9ives max. value

2

Check +the bounds
as Yy—wo = A 3.0
a5 y —e3oo = A=»o0

Now : at Yy=iSo =3 A=1200(150) — 4 (I50)*=98000m(0.k)
= Y=l50 jt'ves aéso/qfe mayx. value .

Whe n y=150 = ’x:ﬂfoo—%‘(u—o):um = §’—:';¢5<3::




ey

Ex:3 > & +the Perimeter of the circular sector shown ;'—4;-
is 100 £t > what values of r and s will 3we th
 Sector +the areatest ‘“"10\?

& Let area °g- S.ect:or:A

and  perimeter = P

\
= —— r S
2.

Q) s

but ?:2\*‘-{-5
\oco = 2r+S =>» S=100—-2r

S“\Osti‘bU‘Eﬁ iV\'ﬁQQ —_— A= L’i Y‘(\OQ—-ZI“)

= A= Sor —rt o r < 5o
| \ P_loa
dA - 5o -2r ‘ T =55 =5
r

c\A =0 =» 50—-1r =ao = r= 145 7clf‘

Checle the loca] Max. poirt :

d*A — Qng_aq-t-ive) -@ =S '1Ef jl'VﬂS may. Vq/;@‘
drt
chieclk tlhe bounds :
ayg Y=o — )A —>- a
XS YiopS5e = Ao

Z 2
Now a¢ F=2¢ = A=50(2s)-(25) = €25 £t (o.k)

&

at Fr='28 => S= loo—2(2s )= 50 f¢

=) \r: 75 #f CJ'?(/ s=6Go 7£l‘,' jl‘V'e jl"ﬁqéej.f.
a area for the sector
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‘ 3w calble .\knger’mq-’cer is 5 mi\\ion
Dinars per ki\cmet—er—_’ ang to lq [t urrc{erymunJ {s
3 million Dinary per kilometer . Find the distarce x
which minimize the cost o connecting the cable
from A to B. (See the -ﬁ/’}u« below ).

Ex.k : TMe cost o \a

A ‘ srouné
lkml :' J Cable water (Top Vt'ew)
‘ : g B
:(iﬂ %rouné
I km

so\, b 5
Let t\«e cost oS. Conhecﬂ'nj =C

s= (1" +x* = Jl+x- L Pythagqorean theorem )
= C= Ji+%x% x5 + 3-x)%73

C= ExJl+xt -3%x +9 ofX §3
dC 2% 5%
5= = £ % -3 = — =3
dx 2 vt Jr+xt
"HE o 5x s
S= e = =3 = I d\+%xt =5%
aK N+ xv

Squaring both sides = 9 (W 4+x¥)=25%" = 9+9x =25%*

= € xt=9 = X":—i?? = ’)(:—2_— le.m
Check the /acJ min. Valwe :

3 ’ ( e U ++++1

°© Ny 4 A 3

at X = % = c=1/3 million Dinars .

Checlk the bounds :
at X= o => Cc= 14 million Dinars,

at x= 3 = C-= [§5.8] million Dinars
- t(’—’ = lem 3(ve.; minimum Cost'.




Es/ .
Ex-s: A C.g\mév-\c_q\ Can 1S ta be \MQAQ te cantain LQ_G m;‘
of \i qud - 1ts clased on the tap and battam’, Finld
Jc\«e é\mensmv\s t\«cﬁ: minimizge ‘c\«e wietal ULSQA_

Sol Velume eg_ C—\y”"o’ﬁt«/ Can=V

V = Trl\'\

— Tr“'\r\ ﬁ \’\ —\—9—9__.
100 = Trt

Ar‘eq a&. Mmetal U\SE‘A: Suf&-ch areq cﬁ_ Can = A

A= Area ol op and battorm + Area o) C:yh'mln'(o\\ Sunfacp
= A = 2"\'\'Y1‘ + 2Trh —O©

substitute he {,-?-?'L into Qn*@

\d0 } = 2Tr gy
= A= l'Wf"“-’r—‘Z_}{/(T ; -
= A= Z’wr"‘-\-"*:-_" o<\"<°€>
SA - 4w — S0
Ar -
2oo 3 5o — 2 So
m— —_ T = e fmy Se——
—_i\.\f‘ :O—QL\'-“Y-_ 'l ‘ =~ Tr = ¥ m v
Check +the min. valug ;
1.
d"A = UIr + Z{—a 4ve in (°/°°) = Win. valug .

d

r-
|:._ 3\ sj aives ™in. value .
Cl«eck e Lounds : |

r—so =—=> A —> ;
r__’ooﬁA%m g

- ]
Now': at r= '{‘E = h-= \oo s }/
i T (50 )¢/3 ﬁ()ﬁ)(su SVE

= h= 2 3'-%_?. OV" lv\';:z_p-




\&ey/

Ex.8: A rectanale ol perimeter 12 Lt is to be used +o
' (-;-ovm A C3\'\V\&er‘ \0\3 YQ\)Q\VKK% ‘£ C\\oo\«t s QA&QS .
Fivd the dimens Lon s 02- *cl\is. recbom&\e w\f\fd« will
result a maximum velume °-C— tlua Cj’l'ﬂcler‘.
Sok.
3
For the cﬂ\'mker 2

\f\:\j

X
Y= Yo —
TNYr =X =

x
I/
e
Let volume of cylinder =V Il‘
<
V: T"Y‘i‘r\ — '\T(%—v)b

ot
Vegm @y —©
Let perimerer fov veckangle =P

P= 2x+2Y
22X+ 2y => €=X+Y = y=€6-%

- x*(€-=x% =Jd_ g'xl_3
Substitute into ﬁ%@ = V= X ( ) ‘Hr( 'X)

4mr
= V= Ao (6xT=) o XX <€
4T
Voo L (jzx=3x")
dx ¥T .
v _ A |7_?<‘—'_'>‘X1)=o = 12%—-3X =qo
W=o = g ¢

T — ')(-'"f‘ o
= =3 (X —¢x)=0 = X*-¢x=0 = X (X-t)=o

= X =0 (“‘E-S\Q;C«JC‘CA) , and X =4
Check the max.value :
.‘_l:—‘z = _‘_.(lz—c'x) = at x=4% , d’\v: -ve
dx? 4 dxr
—3 X =4 Pt Jives mMax. vValue .
Ckzcs%o::b:""i: v—ao ad af x56= V>0

3
Now : at x=4 —> Yy=6-4z2 => V=5 %t 2.54¢ be ouke.

—
== Ijx-:.QL ﬁf’} and (J:' Z Lt‘ gire maximum volume..




= C= 5000 X%+ 8Socoa XYy ——@®

&8

A bLeox umt\« Square kqse and top (s to be maae

Ex.g
€to Contain 1250 76(.' The Mafer/q/ for z"ze AqJe
Costs 3B§oo Dinars ,DE" .S?,a.a/e ,faaf ﬂar f'Ae {.OP
Costs 1500 Dinars per Sguare ;001‘; and for the
sides costs 2oco Dinars per Sguare foat . Frnd the
dimensions that will minimize the cost qf the boox .
SR, . Let the cost = ¢

C= 3500 (0(7‘) +1So00 ('x") +?_oqo(‘f“’Xj)

Velume of the box= W

W= %'y
l260= %Xty = 5__-\_7‘_5_3_.
”x‘l-

Substituke into &g‘_ ® : = C=5000% +8°°°X(\Z$‘o
7 X<
=> C = 5000 X"+ ',‘;( °o<X <=0
C 4 oka
e 2 10 X =
d x 5 &
167 03 F
dc’:o = qu‘x— {;l =0 = o ,i o
dx PV
L G

Checle the mimimum value -

J?-F_.- - 10 ‘f+ ‘Z*IO? AvVe in (O/Oo) = min. value .
Ixt x
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X8 A C.:,\inclricq\ open ?on\ IS +o be Made to centaly
5m°> o¥ water. The material Sor the battom
Costs twice as much as the wmaterial ';Or the Sfc/&s,

Find the dimensions o.g‘_ kS voo| to Minimize tzv-e

CosSt °g‘- Conskruction .

Sel. : Let {Le {;-otq\ cost = C
the cest of L m" o% the
material éS— tlxe bottom = Cyp

the cost of A mt ob +le
material 05;- ‘bkg s{égy = Cg

= Cp=2Cg

e {"o-ba\ Cest (§: C = ZT\'V‘L\(CS)‘*WTH‘(CB)
= C= 2mrh(cs)+wr*(2Cs)

= c= 2Cs (Mrh+TWr*) —O©

The velume of C:j/fncler fs 2 V= Tirth v
; —= 5= “”1"1 :‘}‘1:——-—_

Substitute into eq. @: Tt
= C=2C;s [Ttr(%r-z)-\-vr‘l]
C=2Cs (Z+7r?) o< r oo
de . ZCS(I‘:S;_+?_1T'*)
_%;_-;o ﬁ'zcs'(:r—f'f?—'""):" = 1)%+ZTTP=0
o

3 5 r = 3| 2
= =S Y = =

r
Checle for min. value : i_1§ = 2Cs (%«-zw)—»-\-ve = min.valug
v

Cllec,k é’Le Loun JS P as yT7 O = C —>o00 anJ as r—y» o0 =2 C~—»-.00
= 3\5 S5y = 5 ‘5! s
Now @ at Y= 7 = W= = ),1/3 = 2w e = 2F

RS

= NE m| and[hoar] give minimum cost.

l
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—PROBLEMS * — E——

@ A man launches Wis ook Yrom Peint A
a St:t‘c\i%\»\t river
B

an g ‘acmk oi:-

53 km wide , qud wants o reqcl ?or'nt
> 8 km downstregm onm the opposite L’q'?}'l_v"l-f gw'ckly.
as possible . 1§ We can row € km/hr qud ran 8 k

lcm/fu-,
where shoull e land +o reach B ag Seom ar possible ?

9 A_'.,;.
Ans. X= Z o 3.4 kn, —
VF 3w l Ry TV 2
e 8 m

@ e window shown in the écr(%\AY'Q below 1§ Mqlg Sram
a given frame\enghill) . Find the vatio (W/r) that
MQ'K‘\Mi'E:Q t\.\e areao Q-?- 'E:L\\S Wi"\AO\Q .

Ans. W =2 - /?’\

v

@ W\dere S\'\ou\L '\c\«e PGi'I'l:~ r \oe C‘«oSen S 'l:\«e \l'n
i‘. AB So a5 _to vaximize the qngle o ®

e S€gment

A
e
| Ans., X% = 5-2J5"
| | PRE
3
x
% oAb

@ A wire 283 m '\M3 is o be cut inte +wo Pieces,oné
plece +e Sorm «a sSquare and the other o Sorm o Cirele
How Sheoull the Wire be cut <o o +ao .

(@) Maximize the sSum ol +uwe areay .
(b) Minimize ﬂ:ke SUm o.( tWo areay

Ans. (a) <« wire used for circle. |
(b)) 12.31 m Jﬁor crircle and 15.69 m for Sduare.
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CHAPTER F\VE

INTEGRATION

Calawlus consists o two Maiy branches , the first brand,
is the ditlerentiol calowlus , and the second branch is
1‘:‘%( 'm{:-ear‘a\ caloulus .

Ws Q\'\C\\O‘\:Qr in&,—ro&uces ‘cl«e 'mtearo\\ quCulus.
Inﬁejmtion (s the process o Qo\\culqt"i;zj an :‘né—ejrq/.

Antiderivatives :

The antiderivative is the function obtained Lrom its
derivative . Tx is dencred by F .

For Q‘XO\MFJQ: :
Fix)= sinx @ &/(X)z Cos X = 'F('x_): Sin X

derivative

Sin X < =t C.c.s'xi

antiderivative | ‘

VYo ‘-'\r\& '-E-\v\e qn&:'\&gr(vqg’\vﬁ e&.:. a S;unc.’cion we Aevenlg
on two <ora\laries

® 1% x)=e then FlxY=cC [c:constant]
Ex. i}/cfm:c = Fx)= 3 (eor any ConStant)
@ 1t sqcoc):fr; (%) => Filx)= Fo(x)+C |
CEx L= X'z = L) =ex
L,ex)=s X°=5 = [7 (X)=2x
Pl =0 (x) = Fi(x)=Fl(x)+c

AR AR




(&
e SN € .q Ero\a\em :

For exqmy\e 7 \§ we have the function 3‘:6(1, and we

want +to g*iV\A t\'\e area under f:l'»e qu]’l‘ Q_rm
X=—a o X =\.

Y=x?%
1x s net easy to S—\‘ml

the areo eg- a V‘&&(On

with curved sides

But we <=a estimate this

area by Aiuiéinﬁ it into Small
Strt’FS .

> X

A=exact adrea

15 the shaded reaion is divided (nto four strips of
rectangwlar shapes with base egquals -‘J unit and height

eq_ua.\s to tlae rig\nlc e_é.%e; 6&- ‘E\«\,e red:q”ﬂle.'

4
= the area ol these “GC*Q*\Q\Q: is: J
'_;\\"‘\_L"'l?,z|l
le*?;(zp) + £ GE) "”¢(7,:)+Z(‘) §
- \
= —-5-;-_ = 0.4¢g75 ﬂm@\\
e
Netice {:&m{— '("j«e exqc{- Qreq 'S leSJ N g
\ { I
thay Ry Or A<eo.ye¢gzs ¥ % &

Now, it the area is Jff'l/l‘cl'eJ into ﬁour‘ rectan Jes witd
l\e(jkt eq,ual.s to the lelt edge of e ‘rec&:awa\e ;

43 y=x*
= Ve areaq 0-9 -E\\.ese red:qmal-es is -
2ot Lyt d e | g3 2 i)
Ly=g @tz @4z 5 (3) <
B0 = =, - AN
=37 = M85 = ‘\\\3\\%,(
Netice that A > o0-218%F5 g T 7 !
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We see that: 02185 A < o-4¢gZ5

Now , 1§ we repeat this procedure with o \ql’jer number of
rec-\;q'\s\k\gr JtriFS we obtain tLte f-ol[ow:'n\j results :

n Ln Rn n:number of
lorf ©:2850000 ©:3B50000 rectangles.
20 [ 0.308%Z500 0.-3587F500

30 | 0316859 ©.350 852

50 | 0.3234000 03434000

\oo | 0-3283500 0.33 83500

1000| ©:-3328335 O0-3338335

Ln <A <R,

Notice {-Aq(- 7€or n=/ooo
0:3333335

the qverq\fie °£ Ln and Rn ~
this value closed to exact area A::%- ¥ 0-3333333

] o\atqined X-NM i"\-‘:ﬁgr‘oﬁcicn,

From this ex“"""\e > We <an See that +the increase of the
number Of stn',bs make; t‘:/v..-, aréa hs.m/t- More accurate.

Vo make the calculated area to be exact , we need :

@ 'Formulq ﬁor Sumsgs oﬂ /qvc numét’fj o,f Ecerms .
©) }:’,',,A,',,J the limit of such sums as the number of term

tends +o l'nfl'm'tj ;




&
(D Formula tor sums

"WMe Greek c__q‘;(tq\ \etter z (S\'%mq) s used +o ihAith"e

Sums.

“:or QKQMP\Q /

the sum (a tartay+---+an) 18 writken in Sigma

netation q§ -

n
2y (the sum of a sub k fram a=) o a=n),.
W =

in which ¢ k. :index of summation = inteqers Brom 1 +on.
o ! kth  rerm -
o, Lirst term -
\ (nfl' term)
a, . \ast term

1+ lower Iimre of Summation
n s UWpper Iinar ¢ o.ﬁ summation .

2
xiFind 2
k=o
1
\ \ \ ‘ VY LY L F
SeA, > — = — A —— + T—t = =
s = 2l 2© 2\ 22 \ RS ¢

-t ‘ . '
_S_:\_, Z Ck+t)= -341) + CZz+)+ (R +1)=~2~Vvo=—3
’ lk=-3

@ anc\n'nﬂ *_’\‘Q limit of of sums:

e \imik ol sums as the number of term; approaches
(vtf-{v\itj can be written as
n
Rim 2. Ay, -

Nn—>00 k=
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Definite X\'\’cesrq\ :
We have +the Sunctiom \3=¥-(X) > and wWe want o -f-v'nc/ (-Ae
exact area under t\\e ‘5“«?\ °Q— -t\«is X-U\P\C'l:ien -\—rm
X=a +o xX=0b.

Yo gr'mé '\c\/\is area , é'\v'\ée it into n rec-\:anjles :
I AY

y=Hx) y=£(x)

Take a typical \"Qctqns\e
(\(t\‘ Y‘Qc\za’\%\e\ x

,‘« T
The area o} \&\_‘ rectangle = Fla) %, Q\k\ fFCek)

It &:\\e Sum cg,. areas og. v‘ectqr\ales

is denoted \9_3 S , then: —-——-S\ —-——3>%
n | Ck
S= 2 flawy. by Pa—
k=1 b’Xk

Now, rﬂ {-Le exact area under 't'ilre Cyrve o,[ \V:t[(?()
ﬁrom X=a +to x=b Is denoted LJ A, thes :
n
A=Llim 2 Flc) - X
n-—x00 kai

“The dekinite integral of F(x) From x=a o x=b is:

b n
S fxy dx =him 2 Fle) . Ax

N —»- o0 k:l




\&/
Where :
a : Lewer \imit eg- inJcesrq’c'mn.
b - UPPer Vimit 6-‘- '\V\EQ_SV'O\‘E(QA.
g.('x): ln\:-earomé QS- the iV_\'EQSSY‘q\.
dx : Differential (index o} in{resro«tien).

S ;lntﬁsv‘o\\ sian (i is Q\OV\SO\-EQ.A; S c<hosen L:J Leibniz
o -f:rom 'tlie letter s in German woard _gu'mnqt/'an),,

i b -
Notice hat S “$exy dx represents fLe €Xxact area uynder

the ar‘c;Ph’_ ol thee g—\»\nc-&-ion N Flx) from x=q to x=b .

9 A&
b

A= exact area =‘y £ex)dx
[« §

Notes -

(D AWl continuous Functions are intejrable;
) _13;' F(x)-is "ejqf'iv‘e i the areq becames below the x-axis

and \‘.—Aen t—l\e area laecame: ﬂgjqﬁ've Number .

Definition : The average value of L(x) on [a, L] i+

Sl b y
'?'(C-)- S \& g’(’x)é'x ) 4\/:_./__1_/_7'«-‘;(’\6)

For exquIe: “The auera.dﬁe value of J=x*
}me X=o to X=| 1‘,\":




. \&/
. R\A\QS g'ot' Aeginitt .\V‘ktarq\‘.

c

© Sq fF(x)dx = o @Lﬁfx)dxf-g:ﬁcmﬁj}cmx

S “.('x) c\x = — Sa g_(rx) dx @ s:‘RK)AX:j:kX)AX—J\}.(x):\x
b - L
® |7k $00dx= ks Fogdx (@ 900800 9ty f bona,

L
@ (" eFgefne ) (x)Jx-\-Ssa)Jx. Fooyo = | Fdxzo
(¢ N

S f,

o‘

e Fundamental Theorems of 1n{:ejrq| Calculuys:

“There are two gv-unéameﬁ{:q\ theorems o} in{;e,jm\

calculus .
The ?r{rst- Yx'\lw\Ac:\\f\*\erﬂ.-o«l ‘\:\'\eorem: ¢
ArCE)
18 & is continuous on La, b}, then
, X ‘-Cx)
the Tunction F('X)=S Let) dt @T
[~ §
has a derivative at every PO"'”' ol a =x L ?’c_

on [a,b] and:

L::cl % g—(t—):lt—x-ﬂ’x)

4%
Ex.l : Ft'vu! Jj/clx s—orjzs cost dt.
£el, - g cost dt = Cos X
';';2‘ clr
Ex-2 . Find dy/dx For §= f cost dt .
sd . Let u=x®"=> JI~7 j cos t dt -
oly o/.y _g’g_ — Co§ U - %_.: cos X . 2Xx=2xCosX

T’ Ju dx




&/
T[«e .Secs:m:\ &-unéqmené—a/ tlteorem ctke "ﬂ'lrtjrql eVa(u(-
aATiIoR

tl\eorem ) ’

T § s continueus at cvery point on [a;L] and F is any
antiderivative of § on (o, L) then

i

b |
\ Locydx = F (L) = Fla)

—“' d
BN - S CoS')(A‘)(:[Sin')(-]“ = SinThT - Sma=o-o0=o
o ()

Ty

Tndelinite lntearo.\s .

15 the Yunckian $x) is o derivative 5, then the set of
all anti{derivatives of § {5 called the indelinite

iwhe.:)ra.\ S T :
The Sarm of the delinite ‘wece%ml (s : S L) dx .
The value ol %\Ais i“bé}y‘od s F(x)+C

\A”Ae.re, FC')C) : Aﬂf’/’c{e//‘/qé,'v\e |
C : Constant of /'nz{-ecjrax.‘faﬂ (or arbitr'arj

Censtant )i

-‘W\'er‘ex-ere . ' _
' U fex)dx = F(x)+C

.,.'Lntegsrq’c(on -FormM\qs: Xg_ = Q‘CK) .

+ C

N+

@ S Sl'nuclu-* - cosSu + C @ j Secu fanudu:Secu-f-c

2
_ cschu:—Cotu-f-c
@SCosuc\u: sinu+C @[ '

@ j CSc U Cot h CIM»: —CScu+C



E'XC\M?\€$
Y n+l
@ S 'X3e\'x = —-?;—-"i'c [ 9~rd‘m gu": Lt‘“ + C
@ 83\]_')?49( :33 x/" 4k = 3% X3 /e

+ C =2% C
3/2 =
@ S(Secxl{:qn'x — Seclx)el.'x

S
———

= Secx —tanXx 4+ C

S

D [ cos'x dx = f

| 4+ CoS 27X A‘X = S -\ZA'X"S\-—LCOS?—'XA’X
' {
Now : j

— \
Tc»sz.'xc\x = = &ch 2% A-X
compare S Cos 2x dx With 4—1«4 g—ofmu\q SQoS wdu

<\.u
———
=> Let W= Z'x E— e 2

= du=2dx =dx= 4:
tltere/'ore j Col 2K clx s J CosS W . du

3
\S. = Al - \
= X C-osuéu__?:.S\nu -

= 4
= = ngsu.c\u

= Sin 2%
Return +o Q\r‘\'%‘w\a\\ \'V\‘\rﬂﬁﬂx\".
\ o 2 \ \ 3 :
g l{Ax -\-S? c.oS’L'Xclx = I(f)() + = (?sz.’)():{- C

L.+ sinex+C
2 4

@ }(\-{-’cqnlcs)le :'S Sec.zG-JG—':’ tan @ + C




-~
Inteqration by Substitution : —tp

We inteqrakian bj substitukian 1§ used to .5,‘,14/;,'}.,'7(3, the

evaluation O-f- \'ntﬂdt’q\-

1% we have the in-l,—edr’a, : j ‘FCSC‘K))v-\j/CX).Jx:
substitute U.=3(’x) = du = 3’(x) d x

+o Ojafafﬂ I ﬁ(u) du

Ex.): Bvaluate | Ji#a® - xdx
sod.: Let u=\1+%X* = du=zxdx = xdx= =t

( ‘\/‘L : :
— S\S‘* . du :\TL"S\A du:%(_}- )+C
i

T
—?U + C -‘?(H'-’X) + C
Ex.2 : EVO(!DLOH:'Q S CoS ('7.9(+5) el‘x

- . duw - SQ{:,Suclu:-\?_- Sinutc,

= sim(Fx+5)+C

T3
Ex.3: Evaluate S i dx
Sin2x+3
SR . Let w= simex+3 =>du=z2coszxdx
| = coszxdx= 44 i
=\/2 \ -\/x \/1.
' e .

\/2 - =
- Uk/ + C = JS:‘nz'x+3 i 1 C



: \y
. Ex.4r Evaluate \ x C“W dn

J3xzg
sel. Lex w= Jax—g™
A, = * &%
dx 2 J3xi ¢
o dx
= du= -37('_ = _m“-_- Aﬁu
: IX=E N3IXEC 3
d \ du= 2
—_ Cosu- S = 1 Caos u_?Smu-(-c

3
= \T Sin E.'x":_g‘—- 4+ C

EX-5 { Substitukion in delinite ‘f‘tﬂﬁmw g
/4

o

s, Let u= tanx = dus secxdx

Evaluate 5 tan X Sec x dx

P —_— no=—2O
Lower [limit = ta } Lrom u=tarx
[imit = tan -Z(_l = | |

Upper
|
_ru*q I S )
— S wdu = fga ], =gl ls =3 [0=o"
= ol
a “'_i(\)_.i—

| T sindx
Ex€: Evaluate J."LT’ 'E\FJE'—A“

sof, VX Aq‘ \ dx = dx - 2du
s ¢ U= x@ u—?\,:' \J_‘??

r-
-
i

H]

r:llﬂ

m a2y du= [Cos U\_j‘r = —»2[Co$“n’ Cos X
=

s
lwr.‘ | bt ==-2(-1-0) =2




w

!E')fqm__‘?_\_ﬁ_ﬁ .Q\EQ,U\:E; fk:\tse _Areas.: | aticag Y

=Ll Ny !
® y=t-x @:s:%:—tk For  —agx§2.
Sol. @ Avea under curue= fq L) dx m

=2 Area: Siwm’vax = [4x - gj’{ e
= »

>
= (4c2) - %—) ~( u(=2) ..(:';;)3)

- ﬁ L\m'ts
3

@ Area = SLQXL—G‘)&X
-

= [_?%f — L‘.rx]:;:._. }%". wnits

the minus 5{'}4 means that the area s below X—ax/[.s.

Note : When the 5qu/v. has both +ve and —ve values of
area , solve ais the [’o//awl‘r(rj -9?-"8/75 :
1— Fimd the pPoints where §=o |
2. Use the zero values to partition [a, L4 ingo
subintervals.
3~ Intejra{je £ over each subinterval .
- Add the absolute values df refults.

Eﬁ-_‘l: Fl'ncl 4:‘14-4 areéea af {"Ze P?;b); éé’{'b\/&ef_z t'l‘e x“‘l’xz'_r
and the curve J-??CS—QLX , tgX g 2.

So"(- f&’.‘_."‘C) ﬁ')(.ssﬁf-?(':o = 'XCK1~4_) =0 ‘
=2 X (X-2)(X+2)=0 = X=0 , X=2.,and x=_p

the suéfn{-ert/g/; are [’"1/07 ard Lo, 2]



= 'o 3._ x \j
—S_-‘__CX l+’)C)c1 Al ' A
—_[?‘(;‘ 2x) =lo]-[4-%] =y ‘ . X
S - - ‘//z
Avsf o gndx = [ ] 4= 1=
L4-81-Le] =~

=) Total area= A |+ A2 = ]“l"-!'l—‘f/: b+4 =8 units

So\vinﬂ the initial value ‘:ro\a\ems:

Given % = {x) , this eguation called differential
e,q__uq'c-u'on :

W selve this equation:  dy= £Cx) dx = [ dy = [fdx
= 3= Fx)+C  this s Jenerc(/ Salution .

To Find +the particular Solution , use the initiaf
conditions §=Yy, and X=%Ko &o Find .

Ex.\ Solve 4.-1«3 ’C"//‘?W""'J drfferential egbul'él‘a*! (or Solve
the /-’o//owu‘nd initial Value Frololem):

As = 3% 7.’X-—I s the initial conditions: y =10 at¢ x=|
ax
sol, dy =(@3xT—2zx-1)dx =>,>g dy = S(sx —Lx—| )Ax ‘
= Y= ')(3... ’)(7'_.’)( =5 e jfnera/ solutiaon
at X=l , Y=

substitute = \0-(\)~(\)—l +C = C=\\

= Y= ’Xl—’X —~fX+ M quflCuqu‘ solution,




)
Ex.2z v Derive -\:L\é Standard iq_u.cd:l'on S’"or S:r_ee, gq\_(_ %
S(¥) near the surface of every F/mei‘ ’

Hine - Dig-g-eren-tfq\ Qa‘_\m{-(on d%s =9
d v

Inicial condivions are:

c5‘\8:\/0 O\VHJ S:_S,,o; at ‘t:O'

dt
s, d's
AFEUEN
‘\V\":Q.qu-’ce with dt ¢
Ats _ S
== S A,jbfv.. dt = 3 At
ds .
|22 = +t+ C
A+t 3 |
at t=o ; j,i::\/g = V§= SLQ)"‘CI @Clz\/g
ds _
SN == e Ne

inteqrate with &  aguin(or Ly: ds<f(3ee)de)
- J %i-ét =SQ{-+V°)&-E |
S=9 %—L- + Vo () + Cq

ot f:-.ia/ S-_-so-%so:j(%)-x-W(O)-i-cz
= Ca = Se

e \ S = _\i 9 {:1—+\J° t + Se \ Standard &?_Mf‘(d’h




O

Numerical Inteqratian :

When we cannot COMF(A{:'Q the value oﬁ'- an infe\c}rql
e.xou:\-.\\_») )y We q??rcx\mqtﬁ t\nis vc\\u.e nume”'c_.a% .

he numerical Methaods of '\V\{:esrod:'\on are Spec{q\\b
usedku\ Yow q?P\"o‘){iMm‘ciV\% '\V\{:esrcx\ ol S—Umd:\'ovu hat
are available only in qraphical or.tabular Yorm .

We will S£w§.3 three methads . These Mmethods are :
I- Wwapezoidal wethod.
2_ Midpoint me thad .

3 - S'\M'PSOn's ‘rule method .

@T\’q?e_h'\&:\\ methad ¢

We want to estimate Si Cex)dx .

In this W\Q*C\'\Q&, AT B‘T y=$x)
under the curve is divided

inkg a number O.f. trapezaids.

3| df ¥ gl 9

e \’Q\MQ ox_ ‘k‘\\e ‘\“\':,Q.%rq\ Il 2 N

b of & %X xi % b X
S Fexydx s estimated ) = 1‘3

o ’ xo 7‘“

la_y tlte Sum o/ areas O,C t-z\e.se V'Wﬂ'h-f “fl‘,‘r k,\-r,r
tropezaids,

| T = Creyeeg FHht )|

Where : T =approximated value of l'n{'QJrql Ly L'Mf?e%ou:_
h= width oP, trapezoid = b-a

n
Jo—— Un =Values of the Punctiom £(x) at Xo —s %n .
n = Number of +rapPezoids.




s/

——Ex Use the trapegoidal method vorth—n=¢ o estipgse
: .

the l'n-teJrq/ J x*dx
{
sl N=4¢ ,a=1 , b=z IN (/(,_,x"-
\/\- b_..q - 2~ - L
S TTw L
Make o table :
. il A4
X N =X g \ 2 1 X
Yo =1 Yo= () =1
’X: ‘—-:_‘-’:
x' ;+Lc 77 UI ("""') ?-SG-
=5 G
| g
5.l -7 »
3 ‘f+9¢ ..é.. 33-—(—‘;) _‘\%
- / -
’Xq.a..g_f-a-_z 3‘}‘-‘-‘-(2.3.7- q_
Tah (e +23, + 24, +2Y 0 y,,)
= \ s 3€
= == \ 4+ - —
4xz FLG k= e (G20
= F5 = 2.3432Z¢5

32
; a
The exact value = S' M x= o [F]) =L

= 33’_;:& 2.33333

We error estimate Lof T’\"O\\Dé%m\dq\ Met‘kqA-“

e errar £rom trapegoidal Method = E4 = T_ Sb(-(x)c\x

and Computed {Lvnv'lE}J boa t;]

Wkere D= MPFGF \OOUnA -r-or '(:\\e \Ml\u °-£
o EQJ L:]

f—”('x)]



&
Notice that the error estimate Er I the MAXimuyum
Preclic’cecl error (r;ot actua/ error-),

Ex. Find the upper bound for the error estimate Lrom
MS!U tt\.e tfﬂpezofdal me thod w:tl: n=1to ;Eo/ 64

lﬂ{-&\jra’ J X Sinx .

Sod. azoc , b= s> KW= lo = \'\:

| o \o
g’-(x): X sin X
flexy= X cosx + Sinx

" ¢(x)= X (=sinx) + coS X + Colx
= 2cesX —=XSinX

= b=2
~a_L'p
|E+| S =3
\ \
|ET| N =z (ﬁ-) (7-)
\Br| & — — X 0-00166¢)

Mo trice that l'f n=»/oo

1B S -‘—-(-‘\_a.gi"c—t)

\
Erl < oo Ecoooﬁ"'%oo\ecc]

600qga




Wy

@ Midpaing Method - o
— |

Tn -E'\«is yAe *:\’\QL p) *C\f\ﬁ aArea
under the curwe ' $ &'\\}’\AEA
Mo a number oﬁ rﬁc'é'd*j,eJ.

e curve intersects each

A
|
\

- e e

8 [N ——

rect‘qndle o ¢ f—'/‘,e m;‘o//:oz'n{- ;L > 5
oﬂ ‘t'-Le é—of Side . ! C‘Ly cy, kb
B e

L
Vo estimake \qgrﬁméx Sy Midpoint Method e :

n ’ ’
\ M = Z L(Ck) h n:number of ‘"et"\-qﬂ\tl\er ;
_ k.2 \ Ci* X~ Ccoordinate Sor %LQ MI‘JPOM‘E.

| z
- Ex. Estimate j’ X*dx  with n=y AJ' m"Jloo;"f Methal .

o)
-SC’Q. =\ )\a:?_ y h= Y : 3 N
=X
ﬁ \'\: 2;;'—-1—- \?'
Male a kals\e .
Ck f—CCp_) = —— — x
L} l/y 9 \ 2
.C’—I"'%— -8—- ’f(c'):(Q)’L-%{?
C:_._z_ _'_:_'_‘._"b,‘.__n”‘t.
2 8+<f = F(C',_)..( )= %?}l.'
C c-l_l, -_{_:: 131 | i lG?
3 2 +q E- ‘ﬁCC )..... PP L
Co=13 1 Iy 2es
. 3\ V2 \é9
—> M + =l 187 Ty :l‘+9-—a
5 847 ey ' TER T ay 4T g 72328025



\\/7/
_‘vx,e €rror €StimMmate g(-mf‘ M\A?Qin{- MQ'\"\GAf

L\Eml boa \\q

From last erm?\e: S‘ x*d x
N T
o y o
Foxy=x? =5 F(x)=2x = ¥ (®X)=2 =3 D=2

= & T 2 ()@

lEml \< sl [__L__:P*Oozéz:(QBI]

P2 iS5z
@ Sim?son's Rule :

S"M\:SC'""S rule is Woased on C”?Y"Qxiwm'tinﬂ curves
with ‘DO\rq\oo\o\s instead of \ine segments.

Each three consecutive Poa’n't‘.f are cennected with

a?qrm\oq\q . ‘5¢ 3:8-00
No+tice b\\«'c e number og. PP\
Strips n \'s even in SlmF.so,” KR 9] g
rule . ' =

\ of & | " > %

To approximate | §00) A N

\"_‘j S{\N\‘?Son’l rule use :

_ b )
® = 0 (\3"'\' 43""131“'433* +2~7n~1+ ijh-:+v")}

We can see {:-lt.at: j°JJ * 4

Uen_/en .*7-
Yo ¥ Yyn *1




- [
Ex. Estimate S

) |
Xt “with = by Strgsont Fle.

So\ a=\,bz=2 ,n=y T4
- 2z~ _ |
@ \\* L{_ — q_ 3_:)(1 /
Make a +table :
~ o | J g
Xo =\ Ya= | b s - ’ : ~ "- »
Xi=2 | 9 =25/ i | S
[ LS \'\k_ e !
X = .:i_. 31— =3¢/1€ table Q&’*\‘\e
x2 2 | Vg =49/16 “wamplg = &
Np= 2. | Ju= & trapezoidal methad CP.1g)

S=M?‘_3O Sl ‘\"2-37_‘\""\'\33"\‘\_31.“3
W 25 36 19
=mt\ "'L‘(‘E)"‘?—( \€)+L¥(\c)+%1

- + A~

- exact Value
| = L A 2.33II3IIY L 3

The error estimate Yor 5'\w\'(350n’s rule:

&) S 5 v

D: Upper \oounA Sov the value 02 \g-(q)l on Lq,ls]_

B'—_Q
\]30

Notice that uwhen the Vewer °§r Q1-("‘,) 'S \< 3, the

‘value og- D becewmes Zero q'\é *:\\e error becomes

2ero -

“\V\ere%ﬁe S 3'\ues exact \10\\\'&. S-m‘ ’clﬂ-e iv\-L—e_Srq\s

og- the Sr\h\ck‘\m'\s 'og. 'b\/\ﬁ'\rcl Ae_gre.e ar }Q;SS " _

For the \ast E_KaMf?fe. ! ';2(9() -‘:0(1=} ’12 (x)=TX
\ — $lxy= 2 = L (a2 = YVn)zo =3 Do

A = error=a
ik



@

'i.b_c-*:-e""""“i"‘j the number N Steps N that Juarantee

a 3Nen qqcuro\c3t

Ex. Dexermine n -lc\«a{- wi |l 3\&<\rc\n{-ee an qccuchy
el at least R ushg:

®Tr°~‘:e1°‘\éa\ rule .
@ S'\MFSQ»«’S rule .
. 4y
e . P4 X
Te . approximate SL

s,
O By t"af’fao{c/af rule :
|E7] < B2 WD
- L-
P4 E"L" > \’\2 %:-—%‘—’_
Cimy= X1 = $exy=uxd=> 0= 12x%"
at x=lp = Japy=\2(4) =192 = d=\92

A = 2

= |BT] < 4% (Z) %92

o N n
\ LR
g
T
\22 T ne 122 ¥ \6
——1 X S\o D >

= n_>35%77.08 =% n=3573%R

| @BJ SI'MFJon'S rule :

b—a \ 1
gl g ey vt =PI ey
3 \4Y
= 1B & & GV B = S T5nt

_e4 <to ¥ n Ro-82 == N=J2% (even).
iSne = 2




EX}

(L C)
Ex. A town Wantsr %o cj""“"’ A swamp and -élv.erl ﬁ'”ri—,J. 1’:1"1
S n TR TREIT iy

dirt . The Q\V'Q.YO:aQ &QV%L ol S\:ocme 1S 3 m. How gl
Cubic meters ovﬁ dire re?uireq’ to Lo f'l-e qum]}y

Volume of. SwWamp

= areaq o_ﬂ {_—oF SUK')QXCQ*
average clep’c\«

US€ SiMFSOn/J Y‘U\\e: 5m L nvle.a-eJ
W o e 57
=~ 5m " a ke vad
-~ h
S = = Y‘ 3°+L\3‘+1\31+‘L‘33“‘?‘3%* S el ook 4j;+ﬂ 3_3

= 2 [lo+4 (1) + 201 +4 00+ 20 + 4 (15 )42 (%) i( 16)+8 ]

= Re%mrei g—(“fnj dirt = 54;3-3?'\'*3: 1629.99 M3

EX. e +able belsw shews +he veloci'-?:_y of W.suLma}me
with +he trqvelt'@,efme- Use S‘c'mFJon’I rule to estimate

the distance trave [ed Jur:‘nj the (o hours /oera,’,:[.'

: \v X o \2

— S SG \lj(f)-é’h \ ™
USQ S‘\Mf’sm",S rule : h=1 > N=lqg % ‘zq‘"
e ‘ | & 2

= S = 3 [\Z+H(\Li)+1( ?)-}-L}('L]).i.z_(zz) & gt
A2+ 2(15) AHOV+2 ()4 114 +17] ; \5

o \\

~ 1€\ wl\e . N vaf(e g 1

!: . 9 | Y4

G lo| 1%

ol {o
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CHAPTER SIX
APPLICATIONS OF DEFINITE INTEGRALS

6-1:Areas between Curves :

PR
£1%)=Lx 1 7 ~gh e
fi(x) 1 . Yz F2(x)
fo
B o = | . %
e

We want +e g-(nc\ {;he' area between {:lie 3Mf>l1$ °'p 'flle
cantinuaus g-unc&img_- Y, = 1 (x) and 32 = fa(x).

Area of S’cr\'P = Area e-?-lrectqnjle = [l,(x)~¥z(o<)]*e\x
1§ the area between the u?éer curve 3‘:-('..(70 and

tl\e \ower curve J;_: ﬁzCX) IS Jé"ﬂd"l‘_fJ. bj . A > '&ltén g
L ' ‘ | b
LA = g [fi(x) - Fa(x)] Jx} -

Ex.| : Find the ‘area between the curves = cos X and
J:-Sfl:t?( ,crm X=o0o +o X=T/z .

Sol. From tl\e JrqPI,, we
Can see that. :

ﬁ(('X) = CosX
fa0x)= —Sinx




b =
Area= [ [fix)=fe(x)]dx

/2 /2 |
—> Area = j [Cc,sx-— (-—-—Sln‘x)}AX ::J (CoS’X-f-Sl"l"X)clx

:[S\'V\ X — CoS§ X -_\Q - (s:'nlr_z_. C.o.sl;f.:)_(sfno—cuo)

(\- o) -_.(o—\) = 2 um'(:{

? Find +.-\«e areao ‘DO\AV\JQA LJ -ELQ ara\p\«s oﬁ 3:7(1 an

y=2-x* for ogxgz .

sol. First Lind the P eint
od intersection betweey
the e osro\‘,ks.

- 'L"
—_->’)<7"'|=?9<"+I ‘_'l=2—’X

X~ out of {aterval
= X = (s the X-coardinate °£ ¢he P°"’f °£ intersection.

From X=o 4o X=1 : $(x)=2-%x" and ﬁz(x)z'x
From x=1 & X=2 @ filx)= x* and fa(x)<2-x™

{ [
Al =L[(2-°<‘>—°<IJ=‘X = [, -2y dx
L [Z'X"‘ %—X3 11 :[’2.(])-%.0)3]_‘.Z(o)-%(o}]:%_

Unigs

g L
Aoz [ [ x*- (2-%%)]dx = | (2%"-2 )dx
:[%.’xs '2_9(] [—2—(7-) 1(7-)] [i(u -2(1))= --‘4"d's

= A=A4f =t 18 12 .
=3 | +R2 e =< 4 Wnits



| 2J
=x.3 piv_\cl 't:\«e areaq c& &\«e r.e%'\@r\ n ‘t\'\e Q-'W'S{: q,vmér‘an't

bounded above by the curve yz=Jx and below by
the X -axis and the I'ne J=K-2.

_{f& +he ?o'm{- aSE. ‘nrersectian: yA gy=xX—-2
s Ar [ y=i%
Jx =%xX~2 At

sq_uqrinﬂ = X =(X- ‘2.)1

0
N
Fr————
R

X= X'-4¢x+¢ >
'X‘L—S‘X-f-(/— =0
(X —¢)yx-1)=0o
= X=¢ and x =1
X =1 IS extraneous root cemes Lrom Sg_uar/rtJ (mv/ec{—el),

= X=4¢ s the X - Coardinate Lor flv intersectimm foz‘/r{.

From X=o +to X=2 élx-e area /s unde, the curve Y=y
From X=2 to x=¢ : £1(X)=Vx and Ffolx)=x-2 |

2
AFL\B?ch = '%‘['xyz]z =2 0L St
| 3

)

- 2 - 2 -
= 3*\}?— —3-'*2-\}? = &-E;E Units

¢
Az:L' [Vx - (x-2)7dx = $:<x|/1_x +2 ) dx

3/ t
R AR DM E TR EET A
o2 e VT -

(5 ) - (A5t +2) = H oL

" - ANE (i VT \ _ o ;
= A =AAi+AL = e +(__<53_._ ﬂ?i) = = usrits
Mo te : )/OM Can 161.'14 6“& qreqa é] Qnof‘4er Luaj .
A = (ﬂfﬂﬁ uncjer J:ﬁ ﬁf‘(‘ﬂ""l X;o to X="')-f";“?},e.¢"ea

\
= jo Jx dx — -‘Z('L)(z) :%’.um'tr




o
Inteqrating with resyect ts y D

’X|=£|(SJ |

- T /7
W\r\en ’cke ‘OO\Imc“nﬁ curves f—or a re.ﬂicn —
are described \oj x=£(4) 5 che Area 3 A
‘OIQCGMG.S 8 ' c |
; l
b: Jf [-ﬁ( (y) -'-Y-'z.(_‘d)] c\.D = :/i //:. .
o L——t‘«—»&w <3 5 Cy)-Loly)

fiv) J

where : £|(‘5):‘$ V:.“S\"t‘ l,\amci curve . -
and f-z_(ﬁj) iSIe.-f-{-_- L\omé curve .

o
b

Ex.1: Find the area bounded by the araphs of X=Y% and

(A
i X=2-4% 49 X=y?
sal. ?c'm&:s _'uﬂ. '\V\t—ersec_*cim: | P /
X=X

Y= 2-4" =2yt 2y
= 9=2-1 ¥ y=

.|
=> Areas S (2 - y2) - y*Tdy
--'| H I _ units
= L‘('2_~2_31)A3 _—_[7__‘1 - %-_‘j '1' :(2—-2-)—(—-2.-!-%‘-):%

Ex.2 : Find the area of ¢he regian bounded o the [ofe by ¢y
Curve Y=, o ke righk by the \ine y= o ong
below Yy he \ine Y=\ N

Sl 9=y, = - e-x o AP SR -
= X =(6-x)" =2 x = 3C-lex+x* h”?_- g=|
= X*— 13X +3C =o = (X-¢)(X-9) = : ‘ \\ —3 X
= X= ¢ “ xX=9 (ned/ecéeq() e Y=€~x

at X=4¢ = Y=V¢ =2 (or y=6-¢=2)
Y=Vx = Y *=x =3 x=y* s £(y)
Y=6~-%x=> X = €-y 5 Li(y)

= A= [[e-9)-5*T4dy = 13/¢ units




)

[
-g.Z: Volumes of Selids of Revelution :

A solid 09, revaluxion 1S a Solid whose Shq’ve can be
3er\erqte<l laj r’eVolvfﬂj Plome "ejz'cm about an axss.
We will Sfuc\j three methods to calculogte the Volumes

ol these selids : Disk , Washer , and leinJr/'Ca/ shell
MC-HMAJ-

O e Disk Method:

s methed is used when the region is border on the
axis of:. revolution .

_ 3 \ -!:l\e SO“J P A
yA ,3-—#(“) 1 1
|
|
. % / Lo
| bsa 2
a dx b X h
k—2 5
.,,;\I'
x®
tefore after revolvin
. 9 .
v-eVo\ij about X -axis SR

Disk velume = Area 6f Lase % Weigut

Area of Circle % thickness
= W (£)) x dx

——
——

L tee radius °g- +he circle = rx) -L-\«en :
Disk velume = Tt (r(x) %dx
1¢  the Volume of_ {-lxe solid =V

_ = -
— kv = j T (rex)) 3%) the dormula of th,
_ 1~ § Vo\ume uo\\.en {Le "le'(m

s revolved abou+
a horizmmtal axrss.




&)
A8 e reaiem- LS revelved—alaut o vereirey]” q’xl_‘— =
the velume \oecomes Y

L

LV = c w (rewy)’ 331

E'X-l \\Ae v—es\on hetween -G«e Curve Y= Vx » 0 <’X 4 5 ercl
the X-axis is revelved aboyt the X-axisS 4o gernerate
a solid . Fiud {-L_e Volume o,[’ flu.r Solrd.
N _
Sof. \ = W (rCX)) dx 3
SoX. : |
azoe , b= 4 : -
r‘('x) = 3 \’\ ' { o
P L \‘ >K
S"\‘ A .Tl' Y.,xz -‘\L‘ I 1 [LI"L o‘l__ e Cubi'c
o o~ = b =8 Units

E*x-*z_ F\'y\A *:Le Va\ume c.g_ {:-Le JollJ j&neraéeq’ I:yl‘eVolw:g

the curve J=4-x* , oKX K2 ,about J—axs.

sd .v-_-JA (r‘(\_j)) . d _ 34
>, . Y Y
C=2=o c!:('l-
y=U-%*=> x"= 4-¥ = x= 355
= X = ‘L.L_y the r{}//f‘ fhori-l'a'n OQ:‘\ 2, X
= rdy)={u-y
e ks @) 4y 5 f ™ (4-9) dys
i __Tl-[q_y.__zj:"--rr[(lé ) (o)j 8“rf:uluc

Unitg

dy




&,
_@ The Washer Method:
18 due res'\av\ s not border om dee axis o.ﬁ "QVolqtl'cm)
the solid will has a hele (or cavity) . Ln this Case ,
the washer method is used.

S yfO) i
|
|

o

a _ b >
éx—ﬂ

\oe-f-ore

revolving after revOlu.'nj (the washer)
about X—axis R:outer radiug
r: inner radius

Was\\er Volqme = Area cg- base % kel'sb\t
(TR*—Twr®) x dx

(RS —rT) & dx

T [ e = (900) | % dx

We can See ¢hat R=RX) and r= r(x) .

o N

= Washer Volume = T [(R('X))z-— (r‘C'X))?.'] % dx
I-S' g\e velume o.p -t-L,g So“ql =V

= LV = S" 7 [ Rex) = (rexy) ] Ax}

a

1§ +he regqion is revolved about « vertica| axss :

d N y "
= \"‘5 T LR En) s <'”<_5>>1c‘5\\

.




®

Ex. TFor the regiow bﬁuﬂlec\ by the jr‘aM “yEg=x T che
X~-axis , s-mé t—l«e volume.s OTQ t'Lc. So/la/.r OLtameJ Lf}'
;rEVO»\VMJ _tLe Y‘ﬁ-stcm q\oou{- :

:_“r\e \ine y= -3 @_“"-Q \ne X=3 .
y
Sel.  Fiest §ind +he w=H-x-

X - invercepts : | ?\-;

Y=o =5 4-%x"=o0 = A"z
= X=2 Y X=-2

and +he 3—-'\ﬁ-lre,;jc,e_|;-l7 .
X=6 = szl\.

@O About the line }j‘-’-"3 ¥
b z
N = S;IT-E(R(DC))F-(P(-%)) }éx

CL.':'.“'?. > \9:2-
R(X)= Y +3 =@-xH+3=2-%"

y{x)= 3
%

= V= ™ [ G-xt) = (3) ] dx

-

(

)
RS S?_ [w9-14x™+ ’X‘f)-—?] dx
2

H

T (e st L e ) dx

—

J -
e xS 4%
W Ao

‘IT[(-—-—'1L1:- Boj (=22 31+Iiz_80)]

¥ = .l_‘tE_ T cubic wnrits
e s - % »



r(y)
W/%mafy
27l 7 7T T KT 7T 77 irT Jy

y N A4

- X
I

32

-

R (Y)

|

|

|

i

= "

V= 5.&“ LR = Creg)* -
i - ) | Ay

C:O F) A: L\-
Y= 4-X"=> XT=4~y = x =5 J4—y
u-y r\'s\‘\i.- Wal{ .

x::_m \‘QL"? kﬂ“-,
R(Y)= 3 + \""XI = 34+% = 'S-\-m

r(y)= 3=% = 3= J4-%"
= V= w( [+ - (-85 ]
= j:’{EH CVEy + (-9 ]-[9- <5 + C4-y)]] 4,
=W (] Di2¢4-9)" 34y sz [fmy)™ g,
bl [(q —y)/ 32

JJ = -em Le-4

= €4 T QALLC. units .

!




)
€.3: Cylindrical  Shells.:

Cylindrical shell is generated by reVolv;‘nj 0( rect—qvq(qr
strip abowt an axis parallel to this strip -

Sometl'me_r, CJ/:'nan'Ca/ Slte(/_f Mé’{-/ma/ /s Casier to uge
Lecqu.re the ﬂonwu(a Oﬂ 't does ot ”e»’zu/'f"-’-f 57.0167/’/’(}: or

(n Cafes wlterp j or X are C/HZ'[’CM/# <o C{ebermr'ﬂea/ in
terms o[ another .

‘j,:\
ds

|
T . i
[ :/:,C('x) | h
| L l 5 P

a X -lo X
X

after revdvfng

F\Q‘H:i'\ﬂ ’r\/\.o,
(-l:\ne cylindrical ) Wlindricod sk

she\l (rec&mgu\o\r sheet)

‘oe-‘-ere Y"Q\IQ\\I'MJ

Volume «f lindrical shell = Voelume of rec{:andqlqr sheet

= /Q *\'\_ xt
=2Tr%xh xdx
We <can see ‘c\r\o&- r=rdx) anl \«:.h('x)

= Volume of " cylindrica) ‘skg\\ = 2T¥r(x) #h(x) xdx
1-‘: ‘E\v\e VO\MMQ_ qg- -(:l\e S,O‘l'é = _\T |

@L’V‘ = sq 27 . F(Xx) . k(?().dxj revalv:’nﬂ about

Vertical axs
When the region (s revolved about Werizomtal axis:

Ao —= . qiy 1




Y,

Ex. The disk enclosed by the circle X" +Yy*= ¢ is revalved
about the y—axis ¢o generate a Solid SPLere.A hole
°g- &'\QMU:QV‘ 2 units s 'l"L\-Qn bered 'l:l«roudk -t—he,
.SPlte"Q ot\ons the Y —axis - Find t-\»q volume aﬂ. -E]»u.

cored S\okere :

sk, y

J} l\o\c T
x4y =¢
é/ A
_ﬂ@i \ 2 x 3 /

t
Yake m\j the Por{:im °Q— &\«q Circle (n e '1.3 q_\’\ﬂlr‘an't.
X't yt= ¢ = W= 4-x? = Yy=Fi4-x* Y y=f¢ar
= Y= \sl«l-'xt K 'l'l\-e Upper POft-/'a'H. ' '

b h

= S 27 rex). hx) . dx e x
OL"..'.‘ ;L:Z c:;. ‘
r(ex)=%

Wex)= Fex)= J4-x*
= V= ST 2 . x - VH-x+ - dx

3
7 \/2 - x? %
= =T &‘ ("‘l""xl) ve2Xdx = - E Gl ey ]‘
. .
. ___37___", E(l{—’xt):,h]‘
3

3 ¢ \V} 1“' "0 X
» -&%;'-“ [_{J_:_;_] ‘_— 2Jd3 T Cubcg uni'ts <q;pe:'tporﬂ#ﬂ
=> Volume of cored sphere = 2#2U3 T= 4TI cubic units




&
6.4 Leng.{:l,; OQC ___Curve_; —in- -{;-de P'IQ‘H‘G‘-"

Y -
Take a small portion o the Il y=$09 I
3(0\?‘4 (-l:\\e Segment PQ) . I p ]
Q };L _:

P%Ax

dx o

P e

d8= Jdy)*+ (an* (@ clesed b )
but $(x)= A‘—:;( = dy= {x) . dx

= W JFwax T @0t ={Wxt [@aw ]

= 49 —J(#f(')c))t+\ d x ::X\ +Gf('x)f[ dx

= =< JH-(“" oA

L ’ctwe \en.a{-lq o.c ’c‘~e curve -Ircrm X=a to x=b is L :

= ?L = Lb \} \+(%\§;<){ Ax]

1f %‘J} fails 4o exist and % may be ff'xf'Sf,m‘:llen:

i &=
l“hﬁ\ﬂfﬁ)‘ q

_W\.e Sl'\or’c :1 J;'Leren{-fq’ -ﬁormulq ,f-or 19'216 /9'964 0-,( t“l'-e

_Curve 5 ¢

L L B e - e




@
:Find the \ength of dee curve ‘y—\x”"‘-\ o KXgI

5«0 b :
L:Sql\i-( )7'...-\')( ’Ir
aAazoc |, \p—\
dy LN— Vv _ Y
3x 3 7-*9( =0 2 ol /i
(Ax) bt x X =3X - —1/' x
,S K}'S)t — (\ "\'37()
= L: J (\ - \ \\ \[2
. +3'X) . 'X-—-é- eﬁ"'g") - 8dx
32 4! 3/
= \?. ?_}_ [(\+ 8’)() /2:‘0 - [(H—S} e (H-O)VZJ
3
:'\Tz [9 v \3/1.] - :T_ [zq...f_\:?%:%. units .
Ex.2: Tind +he lc'vd‘ of the carve y=(X% )/3 °osX{2
Sd. &3*'2. % -/3 — x RE
dx %) B —3_< =) p
dy 'L x . /3 \ 2 2/3
(55 ( ) = ?(7) S
‘\" ) s not JefmeJ at X=090 » éLere,(o,-»e ° 1 ;. >x
t'Le M{.tdm,,,[ ,‘/-{-(49 v s not defined at x=a.
Se + .?.l..’_‘_ :
l’j d

J
JHENS 5 e L s w=2 2By sy

o> [P = [re v = (rras)™

at X=o = y= L.°_)1/3_° = ¢ =0
q{-X ?-=ay g___) -_-!%cLJ

_ N \ -
=>l_ f \I dx i+ dy _.j (:+9J)"4J ‘;—So(””) 1'.94_\,
=l9-:é-"3:~}:(1+9y)3/ JO:E(:oJTE-—:)::z-zgs units




\&7)

: _6_’..‘_‘5, : A Féas Q-p Sur)Lq_c_e S Q'p L Re_volu_t i.o_n._: = ' L. Lo

YA /y:ﬂ?‘l; YA
NS

ciranlav
band

( belore Y‘eVQ\Vinﬁ) (qg-ter "QVO\vinj) (-\:\q circulay loalml)

Sur&e\ce areaq Gg. t\«e C(rc_ux\qr' ‘oomc\ = S\Mfsrc\ce. area 0". g-ruggum

Surface area o Srustum = 2T GEts )'S

Yz
2 s
’:T‘(Y"ﬂ-\"?_).s

= Surface area of the Sircular boand = TT(ri+ry)-4Q
As 48 is very small , then oy =k
= Sur—g-qce NRrea °.?_ +L.Q Q.{f‘m\qr ‘oan = 1T (Y‘-I'Y') . AR
= 21wyr.df

But: AQ::\ \+(§:\5;)1 dx = \JH-(J;"F Qlj 4 an F= I’C'X)::-.-r(y).

1§ the surlace area of tle revelved <urve =S , ey .

—

1 :

S = S 2T . r(x). i dy * . SR —— For revelvi
5 ) J |+(:\';(’) Ax) G) albsdis l‘ﬂ'f%c#f‘[

L

or verética f qx-j‘sl

] S |
S:._ gc 2277 )’Cﬂ) o \! l‘f'(ij\;f.)?~ el_j).. '@Far revalyy

°r Veréical ax s

Nates:

x T '?he curve /g Jésé}-{l,écj in terms of x Use E@.(Dv
% 1% the curve is described In termy ofj Use eg_@

o




(5)

e short differential Sormula for the surfice area s

ng 5 2T @ ,JP] revelving about horizaatal or vertica| Axis

18 Q- vrix) = the limits of f'n{-gjrq{-icm are a ¥ b .
1L < r(y) => the limits of integration are c ¥ d .

di = \-k-L%K)L dx For using rixJ’

4= \\H. CAT;.)* Ay For wsing T(Y).

Ex1 Find the 5“"#‘.‘“"—2 area Jcnera{ec/ {’] r‘eVolw'rg the curve
Y=2Ix , \gx K2 , about the X-axis,

b -‘% -
Sol. _ y=2Vx
=22 S_J“zw.r<x)-.\|1+(g§)‘4x
azl , b= 2 ! ra:
F(xYy= Y = 2V% o i e~ G
i B e | - A
T“z<zﬁ) V7
Jg S D G — dyQ _ -
SRRl SR I i [

]
£
—|
Sy
'\l
/'\
X
+
\_
~
[ I
P
I
=
:|
o
o
»
+
~u
S~
~
—
- N

= _8_3__11' (3V3 =2z ) unres

Y v - L ¢




&)
ted b
Ex.2 . mJ t'lve Surﬁqce qrﬁa/(?eﬂefa < - revol vzﬂj t'l‘g
Curve X = —-—~(5 +'l) > \SY £ 2, about the x- —ax/s

Sl @ j?-'!f\"(:l),’:-f-(_&J dy

c=l s d=72
rcy)y =y

dy
k )_ Yyt (v"* +2.)~3 +2y
J \-\-K&T'xg \l -|-?.J +1 \kﬂ -+-| = SL-\-l _ [?E"‘:ect S'spxm-e:)
== == Z’rrg\ Y8 +1) dy = 7—17'5 Ch +.‘J)e\3‘21"[-——+-—- ]L

{
P2 L) (Grb ] eew ()= U wnits

Ex.3: Show -l:l\q-t- e side surface area of the cone /s A=TRs.

Sol . W voint A is Qﬁ/o), f*g
To Tal the poink B: ) g
ST W R = \A-_-.'sz-a"‘m
i 1 : . o R \A
=> the poind B i (o : NORETHE N (Rie) X
We side surface qrea A = J 2T rix) JH(“"Ax s

e cone 13

azo 5, b=R ,rix)= "X dtnevated by

Eind ‘E\«Q ev\_mb\m g-ar ‘EL\Q Slqﬂt H"LQ : "eVﬂ\Vf\yxa by
. o
e B2 ~Y - o= \IS"~R1. ‘ ,ls"-...g'l. ;\':: AB q"?ﬂt
A~ R — DA,
J=mxt+b = d“—-—_..‘r:_, X+ m <~ thy U
dy e JsTrT = s SRl g il en -
*= TR S i Sk SR A -

=27 (g)(3) Ix"1] = TS (/%] = wiRs 0.k,




&7
Exercises €1 / P.3#8 -

@ Find *:l\e area OQ- ’c\xe SL\erA “Cjion 9
b
Sk, A :Sq[ix(’x)—ﬁ-z(’x)]éx

A=TOo 9 b:‘. &"\3
X
£.(x) = e, fax)=e€

In3 2%
@A’;S‘(e -e'x)é_x
- 2% Q3 2_13 o o
=[Fe - X)) (\zen—e})“)—(l{e —e

(-]

:[\?(9)_3]_[ L=} :(12_3)-(_‘1__—1):2 Units

30) e Yr\'s\\re belows shows tn’anjle: AOC inscribed in the region
cut from the parabola y=x" by the line y=a*. Find
{'L-e rmi & og— t-Lg rotte oy ¢l area 0& tle ‘E"l'qngle to
the area of tle parabolic region as a approaches zero .

Sof.

Area of t-r(qn\,le: .lT (za) (al)

= a3 un/'ts

For the qua\bo’fc "ejicm:
b

Az TR (x) =) dx
a

XA ==—a > b= a 'g‘l(’X)z 11,'-'0\1", r-z(’x)= j;:‘kl

2 Az [T (@t -t ydx s [atx - 5 x0T
-a

~Tat '3 Vo) =Tl 39 7 3 | 3
=[a*@) - L o 1 -[at () -] sla-Fat ] -[-avLld
T 3 3 :
= & ___:_,_q3+q —--)5—0\ = 3—3-_q3 unitd .
1
= i 2 - T =L =
a-—so %.q:’ ase *+ &




\g3)

Exercises €.2 / P-3IRY ¢

—Tke curve }3:5in')f P OKSX KT 5 s rFevolved Gl'oou-l; -!:l‘_e_
e y=C t° generate a Solid . Find +he Value Q)c C

that Minimjzes the Volume .

S, V=Sr T (rex)) dx A U’—'ls""”‘
az=o , b="T __:__d“ "R Jx." __i-:c'
k) = | ) = Saix | = 4 ,'| >
= ,C-Sin'xl T ’
-

v
= NV = T\'S (c - S\'v\'x)le\x

Q
W A W
R S (Cl-'z.csln'x-i-sm x)éx
Q
: iz
= & ‘ —Jd sivex
“T[CX+2C-COS‘)(+2';< 5 ]o
Sl'*tz?r)—(0+2c.coso+o-5_i:_°)

b sin xa = Cosex
.

=T [(Ct'[T-I'ZC.CoSTI"\-—T%--‘?
=T[cm-2¢+T)-(zc)]= w(n + I ~¢4c)

=31V (c"m+ X _tc) °eLc g
A—Y-:TY('Z.CTI'-‘-I')'
dc -
AV o = w(2TWC —4)=0 =S o2Tc=4¢=>c=2_
dc ( ALy
Checle for min point: - !
Gl

42V= T(am)=2T* (tve)>\,/ min.

de*
L
at €= = VT (Ger+Z-4(Z) T _yxo.93
Checle bounds : : ‘
.
AL x 4.93

| at czo =» VE TY(_.Q-\-T_%_Q); L
| e at c= | = V.= B QT_'-%‘_L"'):J—;—‘L—(L/—W)WQ 5 A% e

= C= _2-? afve.: minimump vo/qme 5



W
- =Xercises 6.3/ P.397

.—W\e region in the S—WH: °1‘-"\°Am'1t \90“"A€A \"j X=Yy y x=1,
and y=! s revelved about :
(o) the X-~axis (b)tle y-axis <) the line x=1 (d) te line g=1.
Find the volumes jeneraéEJ Ay each reVo/w'nc?-

SoQ ”A xX=\
y=I

(a2) About +the K—-ax(s : S
Y )
Ny LY ) ' o
4 ¢
x Ay

N s

Use C_yll'nJrl'cql shell method <
d
V= Jc 27 . rey). W(y). dy

rcy) =Y
h(y)=s1~x = - (3-—33) — ‘-—3+33

Fey) *hig)= 9 (\=y+y) = 3-yayt
I |
> V= flam (s-wtay dy s [ Lt Lt L)

=2 [——-\3--\-\—9-]-'-‘- -"—;_-'IT cubric units,
(b) Abou{- the J-axis : Use washer Methad: i
V= 5 w[{R(s)) ~CrenY )4y A; \
cC=zo , d =1\ 3 dy; L
RCWY=1 » rly)y=x=yY-y N %
2 * e ) il V- fag: s
(Rex))*= Cren)= 1=(9-9)%= -yl y¢ g

= Y = T('g (\ 9 +13‘* -y )A‘j
: L
Fe L [-3"‘3"5 +?5 —3‘-3?]° :-"['"'j*?"Ej‘ =T U




'(G")—moﬁu:t'—‘tLuQ"—\'ivte“'K"E"'\":'"‘—'““" e TCe
Use :;\«o. disk meshod : ‘ C‘:
V= ) 1w (reyyy. X
| T eyt dy L
= 5 d=\ . "
FCY)= I=x = 1= (4= = 1~y +y° | | -
\ 2
ﬁV:J“U-ﬁﬂz’)&:
[
= 5' R S A"
= (V-2 vy ry —2y T4y € ) dy
_ 2,0\ D Y J
=. 7w Lu-g™ w4 o yl-2 9T g
~ i) AR 12\
= Tfl[\ l+_5-\-_.L ?4-;]\ 2.\0_“- Cubic unrts,
(d) About +he line =y .
Use +¢he cah‘nJﬂ'cq/ sl«el/ Me-ﬁésaJ g
d
= J 2T . ry) . h(y). &3
[
Cco » é:\
ry)= \ -y X

h(y)=\—%X = \—C3*53)='“3+33

r(y) % k(s):(l—u)(1+y+;3) = |~25+31+_y3_39

l 2 3
= Vz am S OV=2y+5"+y -3‘*)83

= 22mW ]__.".'I -LJ "““"3 ""“"j -—“'S-:jyl

(1

R \ | |
Z.TI'-_[\ \+*—,§-+—¢_—“§_—]

= &3 =T Cubic uni'es,
e ' ‘




@Y

@F\'nés the volume of the solid Cjerzer’a'beJ Lj reVaIw'qj f.-L{
region in tdhe first guqequnf bounded LJ Ly::p(‘l and y=gx
about : (a) the x—axis (L) the Iline J=8 :

__Si First Sind +he point P : sf P
=9 D= A
3 T 3:')(3
4x = X3 = X ~Yx=o =% (X —(!'):o_
= x=0 and X'z4¢ = X=-2 ¥x=2 o .
at X=2 = Mq= 4(2)=g K
—> tle point p ¢ (2,8) .

(x) About +\e X—axis: Use washker metho :
b T !
V= Su ™ LR < (rex)' ] dx

az=-e o ¥:z_
RCX) = Y, = 4% 5 r() = ¥,z X° —

= V= [Tw L= )] 4
* 1 6 - \¢ .3\ F72
= w Qext-x )AX-‘W{__—_;X-—:FX 1

=7 l_%*g - \3&\7.51 = 52"7- T cubic units.

(L) About the line y=g : Use Cd//'nJr/'cq/ Shell : |

A

d
V= Tew.rc9) . Wiy dy >
C ;
C=o A:S
r(y)y=8-Y

h(y)= X2 -%| . 4
Y=2x = x= 33 = .- y'd '
=4x = =d_
%‘j \‘(3: ;("3_4-1? X =g d v
r‘zg) *:Lﬂ)zkg:g)(\j‘m_ %5) :1‘3 3\/3_15 _3:,3 :
= V= SQ 2T q];_z;f\ Boay-yiB, L9 )dy =2m[ 82 _5‘_%?{1 2

= S T Cubic units

/3

.‘-‘ ‘L
+ &Y




&y
Exercises ¢. 4/ P.%ay : S .~I A

® Find the \emgt\a o the astroid ’)C-‘L/:l> + jz/gz‘

. t
S, Take +he portion in 1S Ql_bxq(lromf: : 3
3 . X +y Pz
& Q\ A\
- l s ™ x
{
b
- dy ¢
L= Sq l\—i-(_{’.() dx
a=o P b:
'x"‘/"+5‘/3:| =S W 4 s e /3)3/7'
3\ -\/ 1)1\ ~\/
e H @) (=2 1T i (=) E L0
. ~2/1 -2/3 el -1/3
| de) --(\-- ('X ) =7%X - %X = X -
| ®
| ! | - \ = \W\ rogev
d-l +k%)t - jl-l-_’x ?-/?_.l = (7( 2/3 I =N ¢ \/3 lv‘:{:ejm

Q

f = the total /eryfé .,for the Ou-l-rare/ L *- =& Wnitg .,

@ Find ’ck lendtl: of the curve J = f JCoszt dt ;, o gX g <1;_..
SaQ L = J “‘4—(3[&) Ax

i = L= j' ’X-‘hdx}? [Xus] ——\l“‘{l:%

s¢
(1 /)“"J“'"Entq/ ﬁ’eartm)

X
dy
il m \lZCosx JzZcosx
# '“q
(o}

\r? c.o.s’xd?t =Jz [Sm xj /‘5‘ 2 [SthL*Smo']
0T Lo = 1 wnit 7

e et .l e e e e e e A e e s




LS)
’\FWIJ the Su/che area gener’atﬁcf L’j "eVOIVMJ X=
#rd‘m ‘7_, 4o J—2_ about the x-ax/is.

(Hmt Express dl = de) +(dy)r in terms of Jy and ap.o/y

y4

_+‘ﬁ

8Y?

S:SZ?TQJI)- :t
sd. »x_._y_q__‘_'_ - J_.yq.;.L.j'?' —f“"é "
Sy - Y 837. ¢ g o X
! D G e :
Sl_:.: T*Lf*j — %*j _d 453
= Jx=(3-”3)cl_y =dx) = (3—-%3) ( 5y
S oy Jy)

— A&:J@x)‘«-@sy j(ﬂ ~ \6 =)&) + @y

:ﬁﬁe—%
J(y +qy3 “dy= (J +q]3)43

d
JC 2T .rcy).d}
> rdy)=y

‘ - G = |
+T€37)+‘ *3 -JU HRETIT: dy

i perfect S%uare\j

Now &= JZ‘NGJR

—
—

c=1 F) 4"—'.2.

S 3
= S-5| Zf.-n'.:j.(fj-f-‘w:,).:l3

—
—

-
—

S (4h + -y dy

- ¥ +J v (& s Hm) e E;a‘,)—_‘
2T [2.5-3 1 &

>>>
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Na-{:e: We can use +he Q_q_ @ / P-ly (lectures) 't'o éolvr,

this problem :

(L) =

d
c
r d=2
N
¢+y*
i
= L

XH_CM = \\»36+

= s=27{ 3 (Sf"qjs) dy

R
—

2T ST CHEE ISR

74 5%
20

27T . rca)-JwQ%)‘

r(y)=4

T cubic units.

dy

? the Same l'n{-ejrq/ }
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CHAPTER S_E-V N

':\'HE CALCULUS OF TRANSCENDENTAL FUNCT\ON S

Transcendental Tunctions are iy Tuncktions that are wet

algebric (i.e. cannct expressed n terms of algebra) .

We can say that these functions are transcend the cu!yebrh'
rules .

e transcendental ﬁuncf/‘ons are :
\~- _\‘risewomekrig x\o\r\C‘\:'\onS ;

2- lnverse tr{jonomeen'c -ﬁunc{-ian-
3- L-cya rithmic functions.

Y Exponem;:l'a/ ﬁun’c{-('onr.

Fele Inverse Functions :

Fivse we dedine the one-to-one Suncion :

One — to —one fFunciien is the Sunction that qives one outpu:

.‘prom one l'n/:u{-.

Yor exqmp\t : y=2ax one— to~-one
‘:I-_-\W cvxe_'bo—en'e.
but Y= x™* Mot one-to-ote
Y= cosx net one L to~ ole.

Laverse Lunc{-fon s the ﬂ“ncffoﬂ Jefmel L’] f‘ever.S':'U ﬁ'}‘e
one- to—one fuaction : ‘he 5\‘3"““\ tor the invarse LManction is F

X—>LE = 34— F]— x

1t we have \‘-‘AC ﬁuﬂc{:iorl: ,ﬂ('x) énd J(x) :

18 $(3m) and 9(fix)) are both identity (or )= 9k (=) =x
4
then £(x) and g(x) are inverses of one q.no.‘tl:er<°,. £0x)ai'yy
and  g(x=Fcx)) .




@

Ex. Given f(’x)— 1,4’,\’-.1-3 s 9lx) = x=3 .
’X’ xX-3 o
fCaeny) = +( ===)= 4 (&%= )+3 =X

J(fx)) = 3(4?<+3): .Li”.‘:‘g_}__i = X

= L (3)= 3D =%
= Y)=g'(x) and 3= § ‘CX) F

N e { (x)=Hx+?
Notice that §(x) and gx) /‘_/:s:\:x
are veflected about the // gz X3

l/ne J.—.—’x . ‘ 7

How +o Yind the nverse of a Yunction y= f-('x) ?
\- Solve ‘j:f-('x) for x in terms of Y (or X=-€—(5)).
o 2- 'S.nicer'chqn\ye X anj . |

A T reSu\*c'“\S Sermula will be 3:8',.-\(%).
Ex. Find the inverse O,c d:’?‘x-f—l :
s, Stepl: J:"E"X‘H = Lx-— J—l = X= 2Yy-2
.S‘L"Cf’nl: 3=29<_2_ r's -é-lv.e mverse . °1€ Y \-'X-f-l

For c.l\.ec,kl'vé.j 5 #(#—'C’X)) = T (2x—2)+I =
L)) =2 (pn# )2 = X 2k,

/Va-[-ir_e {‘L¢ (yra’olq .

L - it
b /4
3:'){ 5

i Bor bk . T LT
=y WEAT edemne R R bt et e L WL AR R iR R B




\2

"Dervivakive °g- inverse S;-unQ'E'\Q’HS ‘

L—q\ or nonvef'l:ic«, 'l'ne acrosSs Elte

Rt‘-\ectini any Y\on\\oriz,-on ‘
\ine 6= q\voqj_; inveres the S/ope 04-0 #Ae line.

- - Y=
15 e s\ts'?e of y=§(x) at the 3’:747‘ % 7 X

s el s
Peink (o, Sr(m)) VS x-,(O() > then :Pe S

7

the s\e?e of N = S:\('x) at tL-Q Poiat f:, /

($Cay, a) s +he reciprocal -‘F-’Ca). & 4

<t b= i), rlen :

~\ / |
(3 ) )= 17,

Ex.
FCxy=Lx+\ = SRS = & '§ Notice that -j—;-\’-(*h—'-\.

7y = 2x—2 = - 1T(x) =2

},2"0

Exercises #1/P-4s@q:

Gotven F(x)=X" XS, 5 ;
@ F\'v\é %-‘ @C‘:VQFl\ x' QK& {- t°32fl‘l€"-

Sk @y=xt => I3 =Ix* = Jy = *X
xgo =D Vy=-x = x=-{3

|'n-(:€rc\/\quﬂe@ 5:_\}?{— T
4Y
We avaph:
Qrae
Yy=x*
< = —hux
¥=-3%
J'
'wd the i i
Find e verse afd_ - »x>o .
SOQ. ‘y:—l—-‘—_ﬁ')(:" . . =% g
x Y
(o z"k.‘j:%

'S {"Le inverse - .

interchange = y=-_
e 9oL ;




©@
Z.2 1+ Ve grumc-hicms M= .X.nfx and \3:&7( 3

Ve Function :3=9~*\'X :

I ' o
We werd ycgqr\t\«w\ means Fower or exponent-.

For e?cqwqole‘ &os \ooo Means the €Xponent to Wlu'c_l, e
10

: raf
have to raise to 9get 1000 (or £°ﬂ{-‘ol0°°:3> .

/eoalo called <ommon Qogqr‘if),,m (written 103).

-

Roae called nratural ,Qoaqri’c\«m (written .V.n)

We natural &o&qrit\«m -Q-uncticm 1 8 3:&*‘\')( 2
,an VS Ae-ﬁineg s ! 34

jn'X:ST‘?At > X >o

Notice that - o
at X={ = A1 =o

for x>1 = Rnx s tve.

for 0<x <t = Rnx is —ve.

Aim Jnx =0 % [Um Onx =—=0
*—» oo X~ot

Rules of L—Ojarl'tlrm}‘i

W aLb: positive numbers and n: exroney,} ,

® I ab = fna+ b

@ An —%—=Rna-lnb

@ An %: M1t -na = 0—-Qna=-Qna

@ Mnan = n fna
PO Ve < ERa



.‘..I_T-f-xmjn{?/es c
® 8 xy=dnx+dny @ fIn x° =3 hax
@)(n%zﬁnz_ﬂu G An :{]:7—=;',*th

@Rnlst_ :—'R"lé

e derivative ot :5=an 0

.+
d U _ d Ll
.J._x&n'x_ Ax,fJf-a—:} clx‘p"x = 2 X>o
1S u= S‘,(/x) and Y= ,Qn u
d = dy du - d du _ 1 du
A A S e S R

d — \ du

@-Q—XQN\A—M-A’X‘)JU‘>O

e derivakiw OQ- In W ,Qe.acls to \‘.'Le 1'n{-8\7ra/ f’érmu(q e
\S “\K'Clu = An \M\-{-C

Ex.g : If éj:»p'('X:-[- 59() - ﬁl"’c/ j/-

-
/— -l—. .3x1.+5 = 3'X+
Sk = S ( J X} X
Ex.~ . Evaluate I ?f dx .
X +3 4
s ob. Let U= X443 = du= 2'X4x® xdx = T“. ,
[ (du _ ! .
4 Sl L{de o Anfulrc
s -y .
== 2 ,'X-r-3I+C




No te . Sometimes; we neel er\) to Lind the clerz'\'a.ﬁ',l/éi-l
°f YTuncrions chat invelve products, duo trienss
and Pewers g,w“cklj '

7

Ex. If (j:(761+l)<')f+3)‘/7_ find ‘1&_
X~ g dx

-_S_G&_ Take [n g-cr both stides :
_ (’x“+|)('x+3)v"“

f8n y= An (_ = - )

—l1

An gy = R (x4 l)('x+3)‘/7‘_&n(x-|)
Iny= An () + L L (x+3) =An (x-1)
Ac\\'g,-?reren'biovbe {W\P\'\citj : .

A dy  2x \ \
i + T —
dx ] Q"?C"*H [ 2X+6 . X - )

Sulastitute gg-o r Y

o R o (G Vil ST
Ax X~ (

x4l Zx+tE X~

e '\V\-\:EQ\:'A\ 02- ‘+tan w and Co+ w

0, 5 tan x Jp&:j %’%Jx =—-g§u‘t=-—ﬁnful+c =—«incos'x]+c

= n \C‘”'xﬂi—C =X 1 C}:;sxl"'c: An iSec')(]—}-C

@S CofXJK:J%&Ax.:Si&ﬁ.zkﬂlul-l-C :Rn,Sf’lkl-{-C

nx

e deneral ‘-@YM\L\QS are !

S tan u &u: —/Qn‘QoSk\—\-C:»inSec_LLITQ

I <y L -

yc'_o{»u du = ,Qn‘]an w|+c




&
_E;'L_ j tan 2x dx
_ — - — - d
Sod . Let u=2x => du=z2dx = dx-= T’*

N S ban w - é__.‘:__ = l_-L— g %Q’\L\d"\ =\?QH'SQCMI+C

= 1 Jn | Seczx|+C
x

g:“\o_ Exponential Function y= exp(r';();

™e Yunctiom 4=exp(x) 's the (nverse of 3:Rn’x,

Twen  An Qe.xp('x))z’x' 5 Ser all x.
exp ({n(x))= x > XD o Y= exp(x)

e 3?‘@&?\\ o\ y=exp(x):

We number e on g = exp(x)
'S {-.-\«e numb e whose x =1 .

-

€=2.7 1828 1828 45 90 {5 ...
Notice that _fne =
Lim exp(x) = oo

X—» oo
X —»— O

e Sunckiom y=e™:

x -

Fer e take dn = ‘Q"ex= ’><Jne =x(l) =%

but Rn (ex PLX)) =
= |exp(x)= e'xj For all x .

Now: From exp(lnx)=Xx = eﬂ"'xr- ’)J
FErom  An (cx,p(fx)) =X =2 Ane*= ’)67




®

Rules of Exponents :
ﬁor all x.

x _
Ve =

0.4 K’ + X2
@ e I.e”)fa:e ¢

0.9 X, =Xz
® < - e
e Xz

Examples : -

@ /Qnezzl fne = 2 @ Rn eCos‘X: CoS X

efnz — 2 @ In(x¥+)_ 2,

@) Inle = An eVZ:'?_ :e—"'-el*: e e

@ 38n2 u eﬂnz.s _ =g -z__?_i__ - e’x—-<~‘z.)= X2
Useful Rules :

@) To remove _I_:D‘jafl‘{'Zth Lrom an g uation exponentiate

“both sides.
To remove exponents Erom an Q?IMHW take ,Qcyarffl;m

ﬁor both sides.
Given /Qﬂd = 3IX+4 . Fz'nc’\(/.

Ex.| :
__SLi& expmentiate both sides = = ’Q"*y-_—ez'x_""‘ .
S LGB |
Ex-2: Given Ln(y-2)= Anfsinx)—x - Frad y.
: J_i_ A (_y-a.)—ﬂn(Sl'n’X):—k = n {:ﬁ?_{_=-'x
| e "%5:—7:: St %%ﬁ:e”‘@ N= e"’xsin'x_-l-z__
(Bx3: 18 € =15, Lind k.

f [ Ik _ ’ﬁ L s
.Sch. _que .‘Q’, —> &ﬂ& '*-1"\5 :3’(“‘@“'5 Qk:zi-,pﬂls




&)

Derivative of y=¢&& .

y=e" %&ng:&ne‘xg&,\\i_

- ~ A4y dy _ d_
dillerentiate = S = =1 _> 5= W = Iz ¢ =
\S‘_ u:ﬁ-(x) —_—> -A— e = e_u A\-L

d x dx
tan x
Ex.! = = et-qnx' Sec}x

EX.?- e : e -

4
d
Sin3 sSin3Ix
“j—' x CosS3IX .Y

“We '\V\-Eedrq\ cg. eu
A.s-i‘\—- = M‘A_u- - Seuclu :eu+C‘)

4% dx

SinX
Ex.l J e . CoS‘XJX .

Let u= sinx @A‘&’—' cosxdx

u Siny
——*»chéu:e-f-c:e. + C
fnz
Ex.2 ; esz
o

wfy

let u=3x => du= 3dx = dx=

LsL. = 3(0) =0
U.L.= 30n2 .../?'12 ..aQn 8




9 .

Examples YFor Ynx and &% : B AL 2
Find dy/dx .

® Y= (I X)
= XY .

® Y= x)

jy = “3(2»1’)() (\) = -3'3:7(
@ Yg=x [ sin (Anx) + cos (An 'x)]
= X (o Qe )de) = (5im(Rnm)) (4] + [5im(ha) + cos( B

= 2 ces(inx)

VR
@ y=e" .
iy o & (it
dx zZ {x 24%
Evaluate -
® Se’- dx
e X Mnx

Let w=Qnx => du= -‘—,E-J’K
Ul. = Jne- = 2 Yo =2
L.L. = Xne__ = |

- 3? .S‘i\_. - [Rn\u.ﬂ? = v 2 —JQH" = R"-I?_-—-O'.:_,erz
@JW simx

0 2.-CoSX _“_ | ;
—— [/Fn fz-;,_c:a;‘)flj ""j \Z-CGS'\T\ Rh \7.. C.a.SO\

:fnl?. (_-i),—- hll-ll
= An3 — &\1\ *&nfs




o Exercises 7.2/P.464 ¢
=
@EVqluqte S 2 qnx 4

\ X a
2Tl gy 22 [ AT L[k T
=dw2 % = W2
Ln T
@Jn:&’_z 2 e cos(e®y dx

& 26 SQn'_!_L

—Qn]‘_
e

, In T
Cos (e¥) . &¥dx = 2 [Sln(ex) ]’Q"lr.
6

0 Z

L :
=2 Y_Since 2) —sin(e ‘)-1:2[5"‘11-_-51'»\—%]

- 2'\-_\"‘21=?-(L7_ =i
JTZCot’XA
T/ T e

—
Sok, X . 1ldx = X
— S'rrh.coe & 5o =€ Lanlsin ‘lv/z

=¢ [hlsmTi-ta)sn ] = e[t -8n ]
= ¢ [RnV3 =2n2) =(Mn1-2n2)] =€ [RndT = fn2+0n2)
=6 And3 = € Rn3'lr - An 3‘(%) :Q"l33 = dn 23

Find t\\e SUM\tS
@ A Ank <% L cduoz- e

X ~» ©O

@ lwm ¥l =Ll o
2C—3y- 0O % =y oo ex e°° S0




:
@r\w& Jc\«e Ma X ingum Vqlwe og— -Y-(’X)_ ')(‘ ,Qn\

soll.,

W= x* ,Qn\»‘)c"&nx'

= ~X1Xﬂ X
AA:_X (L)+ »QnXQ-—?_'x):—’X—Z.XQn'X
dx x
:—’X(|+?.Qﬂ9<)
To Sind mMax. valwe : Sy

3;;;om;>.—x(r+zﬁnx):
- —-X=o @ and \~\-29\n’x o —§> &Hxi_l

.
Qnx =\ = l
@en:e/zﬁfx:e/l

FO"' X=0o 'E\«Q g-\u‘\cﬂ(ﬂ'\ \S not Aegrlrleé [Oan-“°*a°1
-\
For x= € e = : L
Ve 4+
Frowm the sign of 45 T
? d x ° /I—L- \.\
el W
= a4 "x_ 5 the  Lunckion >
Wae  \ecod me\mum'\lO\Qwe
R S |\ L I |
& g S e e = N = ——

As the domain of $(x) (s XDo and ot 76),7'?- e
g.uwc,irl'(ﬁ»\ Aec‘r‘toxsfn% ’c\«gn 3= \

———

o 1 absolute max. Value.
@ S:;e]-:.ve,- the iMitial Value Pro),lfm

| n %
_....... C_oJ'K e&m

ebc 2 mieiall Cond'tioms : at X=o :j-
SR - g B e 4y
:%SAS: S LT dx = Y= \‘-’-S|"1X+C
X=03 Y=o = &= esmo,

+c = o=e +C -:}o_l-fc
= = —J = = esmx—.\“*




@
Y SR i —aX a _ :
2. Z.3 ¢+ TThe Functions Y=a nd = j:vq’x

D e function :j::ax g e
Ma
1% a is positive number +then aX =e

x xAna g
—,;..—} A =&

xl’nq
=c

Ex.| : S\FS- _ e\Fz—&nS
'n'an‘?,
Ex-2: 3'“' = &€

Laws of e'x/)onentj".

1% o is posikive and X%y are any numbers +hen :

Motice that:

Livg aX = 0 Yhim a0
‘o —5 0 X —» 0.
i a¥= 0 Y Aim d¥o00 | refleceing the graph of y=a*

We an See '&-lmt :
t_Lg 3|(qu1 of. y-.:a-xComes 'ﬁrcm,

-0 -
A about the Yy-axis.




@

e derivative of y=a¥

—

L x2
%;GX= —é%ex o & dna :a'x.j),\q
1t u:gr(*)%%—-au:a“-ﬂnq.ﬁlj_
| 9% d x
Sin3% :
Ex %; 5 = Sinsx ) ,Qq 5 . Cas3% .3

e derivative of yza® may be found by taking
An Sor both sides ‘-g y=al .

0.4
EX . y = 81

J243:9m 8?( > &ﬂg: ’X&V\g
Aii—ﬁ—erer\h'\q&e = -—\-\3—_ %‘P__: &ng
x

s QY _ Q — ok
= c\x-j* N = _‘&_._-S\r\%

Nofe @ For -*-l-_-lae Senera, power ";unc-&icmr(_ky-;:"uq) {-Le
Jen’qu:'ve, a]waj; :Eouno’ L‘j ﬁ'qlcl'nﬂ _.ﬂ.n g—uw
lao-{:za Sl'cle.'.‘ 2 ‘

ctan X

EX. . 4 :(Sin x) -
,frtj = In (sin ’)*f)t112
jﬂ\y = tanx j”@"" x)

di flerentiate => - j‘% = tanx < e ) ¥ ,Qn(s:n x) (Se"zx)

nx

I Sinx
= | + selx An(sinx)
= r @éj_: dl-_.l—};seléx.h'qn@i"@ »

[

L_gfnx)taﬂx [ 1. +SEC1?C In (va:"x)]




e ‘\nt‘earq\ od al

—A—au: QM-X'\Q-AL

dx d x

' 4 oot dw
(tdnad = 53— "3 =% "4

'\M-.ejrq-tt with dx

l d ‘*.Ax—_Sq“.-A—“—-Jx

= S'ﬁ"&_a d x
= 50\M du -,Q"m S j“a‘* dx = &‘nq a4+ C
| u
+{l =0 - o)
Ex. S ssfn'x. el &\n s.’mt+
2 e function Y= «Qog'x 3

—“‘\Q sruv\dt\m \:3 &QS'X K 4:Le ln\ler.fe O.ﬁ J ax,

= dog (a™)=x Lor all x
and q(/(ojax)z X ﬁor POSc"t':I'Ve x .

__E’)camP/es:

0] /?cjzzs =
® 37957




.E

—

alojax:'x
Log x
falz.e o = /P” a “

. ﬂnx
= ﬂ‘fﬁf N ]

:,an = j0jqk -Pna :ﬁn?(

Ans
E'x.Q 19325 = ,Q:\'L

"he qraph of = on WX

9 = Qos'x 1S obtained
Ly reblecking she graph
QL Y= a X across the i

line J =X,

d oo u =4 (Inu gl |
—— = = nu = \
dx ja c:(‘}g(-uﬂq Ina JKQ Mhm47'jﬁ2




\&)
- lnkeqrals '\nVolvMJ jOqu

| COV\VQV"“. ,Qo‘j X +o ,onx
* Lna
Ex. JMJ’K:J‘IA'X dx _ | j—‘o"\xdx
x /(7"2. ' X jnz_ x
& b T
= \ . /Qn X +C - &H X donil
AQHZ. z 2 an

Exercises #-3/ %432 .

@ Find & Cor Y= x'
| =

sA. éP_—Lle)xG me)t ee

T dx 72
dnx

®'F-\'nc1 %3—« S,‘.o..- Yy=%

fnx
st take Pn = /Q"\‘]—"-' Jn x = dnx. Qnx —Qpn'x)

L. %"—-"—’Zﬁnx(—.

dillerentiate : Y . )
.Qn'x nx, Dna
:é\iz?-g ’Q”«: (9‘”7‘)—’)( < )

Anz - .
.Eva‘uq{-e J X i dx ;_} S T
.Pn?. e fnz nt | |
5—4—: [ ‘Q'”‘ [—Dn'?- 3 1»11. :I an. —Qnt Anz

vz 2
@EVa«QM-ﬂ{-e S zzfx_,xc[,x
o e e TR T El - )
I




®
(38 Solve the €2 Uation 8’&’383_&‘0"5: o :7_)?"3 B

sol. R -5= X ~3%
= X"— 3X+2=o0
('X—'L)('X-l'):o
= X =2 and X=|
\

@ Find AS/&'X grer :m

;’5_& ‘j 3 (203 ’X) =7 A\j = ~<onzX) C’X-?nz.)

’X!nz 'Pclj X
* )
el loiracts n2 fog X
® Evaluate | 91,
¥ @ q
a7 Ona . S 4 9. "
A3 Jl ‘xi.-n':.ﬁ_cl’x = J, J‘X’X c:l?( —-—‘—-[/QH'X ILI'
o ')E_“[:anlq. _j,,"-[] =5 ‘Q:q_ - \_@,nq) :L(pdzz)
= L (Zﬂn'l.)l:_\_ (4 ,’in?_).-: 2 Dnzz
F:'&J the Iimits
o = 0, Inx _ )
(ajg;’:ogjx of-—:m n 2 nZd X—>»oo
M = i
(b) e /oj (__) /Pl —seo Sniz .Q 1 ':E'w' 'Q"_:JE
b K= 20 “
| - "Lv“‘"p’-"‘l‘*:\&'/?' 1(-%)

= N 8B s 4 =

- —a -
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Z.7 - e lnverse Vrigonametric Functions

“We ‘nverse trigonome-tric_ Sq-ur\cticns are used +o find
+\We c\r\g\es Trom the {:rt'omsle sides. W\er also Provic(e
antiderivatives for a wide Vq""Efj °1ﬂ ﬁunc{-iom_

The inverse o} sine:

W = sinx {5 ot one-to-one function , but L we take
he interval ‘—_;’_TQ'X g—} , the function will be one—
therelore has an inverse whycl denoted

‘to—-aone cm:l

\OJ ‘ ) S sin x (or can be written: Y=arc Sfﬂx)

Notice +hat: Y= sin'lx #==> X= sfnj ;
Yor qump\e ! l{: sin | <> | =3S8in 1;—
Notes: () sin Qsin“'x):'x and s(n"'(sfn X) =~
@ sin x #F(sin X )_4 Where Ls.t'n'x)_l—_- s‘{wx

e 3rqP\\ °£- S:va\“"x:
From the 3r‘qu‘ e_(_ y=Sinx take the interval [‘:{[,71[]

A Y4
. | 4= e y= sinx Tlo 4 3:5",‘"7(
\ \ -
\
l\ "T/‘L , \“ . = 3
‘\ o "T/z ‘\\ x i : D S
o - =i |
% T
LR e 1y




@9
e MVerse- ol CoSine ~aa g e el

FY'GVV\ ‘t\*{ 3(0\?\/\ Gg_ \d =Ca(X , 't'c\k—e 'ELQ lrl't'ﬁrVQ‘ EQ _rr] .

jil "’Tl'
,-‘ Y=cas X Y =cCojly
’fl ‘TIL
P : o
:/ o T‘\ 'f ‘r’X@ | © }F‘x
i ¥ e i
-‘ s .-”
o X ST -l gLX )

m Wverse of ’cwxgent

Fvcw\ e 3r°‘\"" ug. y= 'l:an'x P talce {—lse Interval (“%,7{)
A o |
e T Yztanx
l‘- ' e —-—---1-13_/.-1: . —_
o o -1 o ~
= = 1 i }',x ‘:‘9 t = : ;__,x
< 7 l
: P e e e o o e i
& |~/
! y
-7 & — 00 A< o
Tgx < '

As the graph of y=tad'x 1S symmetric about +he oripin,
then |tan (~x) = —tan'x

TThe (nverse of  Secant , cosecant ,and Cotangent:

© YFor M= sec'x , talke the interval ° X ST ,’).c;f_'f_{':
 Brom the am?h U Sieseni, ‘

@ For y=Csc'x , take FSX KL > x#0 From yocsex:
@ For Jzcot'x s take oSX T from y=z ot x,




@

Noteg :

-1
. , Cos (—%
@ From tl«e unit ctrc]e: J

=1
Ces X

-—\ -
CoS X + cos '(~‘x):TTj)

Cofl‘x and cos'(~x) are @mp/emen{-mj

a'vlej -

@ From the ’C"’"Q'\s\e v unmik circle:

\S'\v\-‘x + Cof'x = -‘%]

Also ¢

- - - =
)tun"x+ Cot 'x = 1\%“ Sec'x+ §C x=1

T

@ \Sec_ xX= Cos (-)J CSE"X: 5""—'(‘;) I ){Cot-'x:: '(:an—' ;’q

Ry qk& Ty amq\c 'S.nt-erprc tation !

Tese _;:nq,‘%\,e, are uselul in (ntegration \:ro\o\em;

i

I-xt

Ex. 1§} &= Sl'n_lE 3 -f-n‘nc) Secs and tane .
Shininin rA
sk, o= sin' T — sine =L

B 2 e | 2
F rom :L-e rs_{-eﬁence t‘rl‘ay/e 4 o 3
\ b L

b= @) -W3)r =T =
= Secs-:i.:z Y+ tan@:ﬁ——ﬁ-

‘ —
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Exercises ?-7-/ P. 497 :

Evaluate :
: -1 \)‘i
Swn{{ Co§ V&
(is) Q 2 -
.SoQ. chld::__‘.:@_ = Cof &= —Z.l-

=> Sin (Qof‘ W):.‘Sin e = 3{:

| @ S\'V\—‘ (V) - Sin ' (-—\) —
sol. sin '(V)= sin' =)= sia (1) +Sin (1) ES""-'(—'X)z—SI'u'@
| = 2 sin'() = 2(Z)=

1l

| 7.8 : Derivatives of Tnverse Trijcmcrmet-n‘c Funetigns:

’ -,‘
e derivative eg. Yy=sin X:

AN N A N A A A
Siw (S{n—‘x) = X

differentiote bath: SigLe_s . => Cof (Sl'n—“)() : il;(&’n‘(’x =

, = \ \
@%—KS\V\"}C: (_' = e \ L
Cal ( Siy '% CoS

L'JH-G: Sin 3 = X as j = Stnn-lx

= -c—l- Sia~ & =
4%

_Lgr W= Q'L'x) 2 'EL-LH‘.

EL o -




G

e derivatives of inverse tr(janometn'c Functions are :

Y | Au
S\ W = — -
O : \'I-u"- dx
d =t -\ ~ du
@K = =

G = taitu=z — . duw

dx \+ut dx
d -t _ _\ . Qu
® dx Cot W= \+ut dx
@ _.."A_ sec" w = \ . _A_u_
I lul ooy 4%
@ .E\_ CSc_‘u = - : . du
< ul Jur =y dx

These derivatives lead o the &-o\\om(y\j \M-g,ratim formulas:

@3 "\“ = S\'V\_‘\k—kc

....A\k :Cof‘u..‘_c_

tan'w + C

—-—
—

-w) Jut=

- du =S_AL—“) =csd'|lul+¢ :Sf}n_l\—la-|+c

Fodar

)
|
)
J du — - S d(-w) _ sec'lul + ¢ = COE'\__\\I.\+Q
|




=
Ex)- Find j’ Q’,Qr V= SW‘-\W

ot dyl L
4% \{\_(\]‘7—(')1 2% Z\P-)? \i |-
Exa : 1% s{v\"3+5e2‘3'><=| > g—iné _‘j/ 5
sel. e i‘-‘_ ~+ \ (3) = o
| ~yz d x 3« ~S(575) =
B VR
Ji—yr  dx Ax| Jax—,
-
= &:1;}-: =1 Jo%r g
& )
: - IXI\IW‘
‘ ﬂl~j1
Ex.3 + Evaluate 5 dx
o I+Xxt
(
: dx
sl =| tan % ={an” | - tan =L
| e 5(‘.\ l‘_t_fx?_ [ -l t 2 Ql L{. ‘f-
L x*tdx
" Ex.4: Evaluake [
......... | — € ‘J
Sel. Let w K= dwu= 3% Ax—?'xi -—?55_
T R ST VR R e S

Ex:S : EVq(ULq{—Q 5 e‘?C
J?—'KL

el \)\ \)9(\*-&) = 34 l._(gg_)-z.
i Le{-k&:_..._f.aéw A'x@‘lx:'\iéw
] = i 31:1‘& ' S A "_ __ © _
| S —‘L‘-—- +C = Sin (X
| 2 icor S fr—ar =S(n W+ C = Sin &+ c
L . wh o W ."A“




@y

. ercises ¥.g/ P-503 =

Evaluate :

@ gﬁ/z- xd
© !\_,X'IF
du

sl Let u=z x* = dus= axdx => xdx= &=

_ N1\ z |
OL-=(F) =5
L.L. = (o)lz o
—, s du o, o) S‘/t du \ . - Ve
. Z oo T g = e
:-l.ziSIH'L—SlK ‘03:7[%-03_ =5 l;_ = T‘Z
@Sﬁ 2.dx
V(1Y) an'x
I
Sk, Let u = €tan x = dus= e dx
U.L :‘taﬂ—’ﬁ:lzr_
L.l. = €an”’ l:_g
/3 /3 o m
—_— 2 S Cl—u‘: = Z[Qnu}v/ :’L[»Q’l 3 ,Qn?(-
L7/ i ‘
@ |7 e as
2 | + "%
sl Let wu=¢€ ———)&u:e. d
— ite T =+ (%) =
UL Xﬂ\ri_\’——
L.-L. e° = |
> SJ— “E’L‘qn u] [‘cq J_" tan \]:E_l—_""
3 4z

) {tu*+




(Z¢)

' m _ e .;ﬁ: -.'(*;
X Ix=r |
sol. Let ul=x = 2y %‘-"—-:\ => 2udu=dx '
<
dx  _ ?_ué,u = 2uduw _ \u
= %" RV vy
and \i ' | \)“1_4
Ul. =Jg =2 LAs ul=sx = u=yx |
L.L. = E ,
.
duw “ o e O
—_— 5 [Sec \M\-l = Sec L —Sec {7
Vo U JurZ
= ‘ = T _w _ T
3 & 12
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CHAPTER EIGHT

TECHNIQUES oF WTEGRAT oN

lv\‘\-eﬁrw\:ion 'S nok as S'Erq'tﬁkts-crv\)qrgl as A\'uerentl‘aﬁon,

there are noe rules 'Elxack: q\aSolutglj FUarantke

e Q\o‘bQininj
awn iv\-‘cegrc\\ °gr x g—unc&‘\on.

In s c\«q?"cer > We will sty
basic iv\-tesrc\\-‘\cm ?s-qr-ww\\o\s ko obtain in{:esrq\s p

Alse we will ,Si-uclj -t:-eclvm'_?-u_e; to obtqrin ;'néejrq/,r
of more Comp//'cqf-ec/ ﬁuncf:’a‘n:-

Jj ‘l:e.'c“lanf?ue__; g u;;‘nj

8.4 Basic l.ﬂ-\rear‘qtl'on Formylas -

In this Sectiom , we use éeCl"""gue.r to make t-lte
(n&ea\rans im the Yarms of basic in tegra tion Yormulas.
O Substivukion: |

Ex. Evaluate- S\Jl-f-?(z‘ xS dx b
Sol. 5'\J|+x1-'x9elo< = J J:+fx" Cx ', xdx

Let W= \+'X?’% du= 2xdx =§ xdx = %"_
x*=u-1 = xt=m" =(u-1)?

- JJT c(u=n)tloaw :_‘ZS u\/"l(u"‘-zuﬂ)-ég

2
A% S(U\%—- 2 g
3

2 S/ 32
s U 4, 2wl o) e
i R 3 e )

#59 3/2

= s,

- )_'(\—\-'x)?/z-—%_(\+x")/z+l-(“*Yz) 1-C
T S 3

2




\&)
@ ComPletivxa {:xx-e S»‘ijr\»\cu'e.=

We want o write (Ot’><7’+b7C+C)_ i the Lorm (qul-[-k)
We have ax®*+bx+c

\ - T—qc-{-_-or out o &r‘om g-\'rs-t twe terms
= a (X +hx)+cC
(o §

2- Add and subtract the Square of half coe Flrc ient
A\ L2 2

2 T =
= a(X vy )+ C
G a Yat
3- Brinj out +the ="
- Hat
= ot oy By L" C
A Um"-) }z(('-tqy)_“
:q(')fz*\--b—-")ﬁ—\-.\_’:. ~ C—.E__.
o ‘-\05'“>+ ( '-%Ok)
L \* L
= o (2%+ 2. . (e~ >
(% 20 w(e- 20)
- OLUL'L—lrk
where : u.:’)(-l-—lL-
2a
— C — \::‘L
= le =22
Ext X*4+2%x+3
o= _,19:2. ; €=3
. Al & o4
=D U= KA S X-I-ZU) = X+I
| v‘)(': C-..\.?_..z"?:-—L..?—)l :3_‘=2
| g "10’5 b Q) E -

-+

| DX X3 = gquhk = (X + :fi-f 2




Eel 3% 44X 45
| 0‘:3)\°=—L\')C:S

- b _ L TPV

S50y 2a " = s 2(3) i 3
k: C—i: 5—'\(‘4)1: 5 —i :l
Ya 4 (3) 3 3

=> 3% ~4x+5 = 3 (x- %)1+_\L

Evaluate 8 dx

X* 42K+ 2
SoN.

X'+ 2X+2 = a(x+X2 ) + (c-

W

Ex.3

k)

(ke

— S d x
(X+1)" +1

Let wzx+f = du=zdx

— S du - tanlutrc = tan (% +1)+ C
U+

@ Equnc\'m3 a power and Wsing trigonometric (dentity:

5 ( Secx +£~qn9€5L A'x

Ex.
sol. S (secx +2secxk tanx + tan x) dx

S (Se?fx 4+ 2 8Secx tanX + sec® -1 )dx

ANAANAAAAAAA

(1

J(z sectx + 2 secx tanx ~1) dx

il

2 tanx+ 2 Sec X -X+ C

Note =

tan x+4{ = Jec X
= tan'x= sec X~ |

\ >
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@ Rec\uc{n% an iMPrcPer Svraction:

lmproper Fraction is the Sroction with degree o}’

numerator &9‘,\.\&\3 Qr gr‘ﬁortﬁr E\«am '(:l\e &Q@req q&
denaminakor . TThe \QVU\!B division (s used +o \V\'E-er‘qta
this grroxck\mr\

E'x Evaluate S

Sol . Let 7 = (AG

€ usS du T \mp reper
S TP P x-mc’ct'ﬁ‘!
3 3
st dw W duw .
- & S =& S Use |\ d{visi
~(\=u) A N i o
U U |
—ip i 5(u 4 W\ e —— )é.u UL-—\S w3
; g ol
B e A ur =
= il ]: 3u. o + W + n| \1+c _§$+
> Fu'ry
- —¢ [-l_;ﬁ + L x +G\lx+9nlﬁ—l|]+c e
T Uy

@ Squrat:ﬂj a ﬁrcxcf_—ron :

E?C. Evaluate S L%E_Ax

sof, j ?—C:;—kclx 5 S(lf;-r—-:—c—)éx 2 S(’x-t-:%-(_).lx

x +3Jn]xl+c

b5
2




N
) (€) Twe secant integral:

Secu +t—anu4u_§ sec}u + Secutany d
= ®
Sec u +tanu Secu +tanu

Ssecuc\uzjsecu

@\gSecu&u: Qn \Secu-(—-bqnul-f-CJ

| secax-3dx = L% | sec3x++an3%|+C

E . S sec 3K dx :_‘_3_

@ e cosSecant in{-e&rq\:
CSc U+ Cotl du= S
cSc W+ Cot U

==‘>)S cscuduz= —Qn \ CSCu+C_o+:u\+Cj

e 8
cScC W+CScU cotun vl\«
csSCc U + Cotu

jCSc.L.\tLu:SCSQ\\

Ex. S csc (anE?() . Co§ 5’Xé7(

' S cSc (an 5x) .5 cos 5xdx

S
e e An \ csc (sin5%x)+ Cot (81'n59f)]+C

:8) Seq,uences o,ﬁ substitutions :

EL IJ'I + Sl'nz('x-;) -Sin(x-1).ce$ (x-1). d x

Sel. let wu=sin(x-1) = dus= cos(x—t)dx

—> S AL . du
Now det V= 1+u* => dv = z_ukuaug\&:é’\i_‘

3/
\ s 3/
S e :.3-[1+Sm x-0)) #c

2 5 s

—




\&/
B2t X.V\JCES\"CU&:'\QH \03 ?o\r-\:s ’

1S u= £ (x) and V = q(x)

d dv A
—_— (UVv)= u 8V LS
éx( ) e\x+\( dx

'Lnke%ra\te YboxW Sideg with respec‘c to A?( .
= d(u) = udv+vdu
= ULAV:AQU\V)——VA\*

lf\'he_arod:ﬂ both sides - S wdv = S AL\A}/)—SV&\A

=3 \ S wWdv = WV — S V éuJ 't\ae g-ﬂfmu\a $or ir\-!:—equticm
“ : by parts.

The obleck % s Yermula (s +e Qe Sram +he qiven

'm%:e\cjra\ (S uclv) to & New i"l'beﬂrql (Svl“) s

1 S Sim?\f_r. | ’

(W) is chesen in which can be difterentiated 'i%‘fefaeatecuy
to become zero , or chosen in which can be appear
repseu{-ed‘ly afier Ji-ﬂf-’erén{-fat-ion. ) i

(dvy is chosen in which can be inteqrated repeatedly

without "l"-f:-pf'c.ultj )

Tn delinite '\n’c'e'irq\ , the Yormuyla Yer inteﬂrqtiqn
L_tj qu{—s \aecameS'- |

\ Sbmc\v = Luv ]I: 5 SL Vdu

A




\&/
Fvo\luqt—c J’x coS X .._lx .

th t'ﬂ
o
b

5U\c\\/=u\/—gvdu

Let u= %Y = du = A'x
and dv = CosxX dx => V=j cosxdx = Sinx

= S X CcofX Jx — ’XS('\’X —J 5'"1-9( J‘Y

= X Sinx + CoSX+ C

Ex2. BEvaluate S/Qn'x d x
Sol.  Let u:Rn’x=> Au:i\%‘_
dy=dx = V=%
= SXnOCA'x:X-»Qn')(—S'X-é%‘-
| = ’X.Xn‘)c—JJ.fx
= %.dnyx -=x +C

Ex -3 E._\Iq[uqt'e S eﬁ c:lx

sol. Let x=w? = 2wdw=dx and Jx =W

—> Sew- 2wdw =2.jew-'wc\'w -::sz-e.wclw
Now use the in teqration by parts
Let y=w = du=z dw
dv=e“dw = v= e
2 {udv =2 [uv-{vdu]
1& w.edw=2[w: e‘“’—j “’Ju] _z[w e e+

L =2 [% e ¢ ]+C 2¢ (\/"—1)+c




&/
Re\eec\i—eé wse :

Some'mes we \'\cwe o Uge \'V\'Eesrqticm loy_]bqrt—s more

tl'lom once to obtqin the enswer.

Ex.y . Evalwate j x* eX dx .

Sl Let w= Xt => duw= 2xdx
dvz e®dx = v=1eX

= g’xv‘e'xéfx='xl-e"‘ —Zg CT'X-AX ———-__@)

Now ; e™, xXdx : Use (AJ parts) again

Let u=x = du=dx
qlvs -e'xcl'x =;>\l=e7(

. X
= S'CY-’XQ[’Xz‘)_(e_’x—JEXJ’X = XE —€7<-|—C,
Return to main Mfe{?“‘l@ g
= S x'e¥dx = Xl-ex_2<xe¥_e7<+c')

Lo ’
= .’Xe«—2_’><e"‘+'z_ex+c [C:“ZCI]

Tabular 1n 'Eeﬂrqt- ton :

Wis is alse "'“'"beﬁmfiw Li?' f'arf-s + This i"'b‘.ej"qtl'on s use]

Wken tlu: fn%—edmh’fou L_y parts r-e;q_uired many "‘ejofi'l'i-:‘ons_

For last EXaMfJIG s /'Xi eXdx: -f—(:x) I (%)
Let F(x) =%x* and J(x): e X f;.nraivfbsives qi"vfltég.iqls
=t ’)(1"\6 eX
= S X eXdx = X e*_zxe¥i2e% ¢ 2% g > gX

b g ..,.(,_sa.me re.r.t;n’-i-) """ . \@ e_’K
0 ey X

= - -, 4




\Z/
- Ex.2 : Evaluate /’Xssn‘n'x dx .

sd. Let wu= -ﬁ(’x): x3

Let v=9(x)z SinX

) S 4x3 Sin X :’j ;-(7(') 3(?(') AX ‘X') qcx)
and \ts$
Make o +table : é'e“"“\" integrals
Sin X
s S 3 .,
EX CeS X —€Sinx+C S
Cos X
Sin X

Exercises -2/ 9.53¢:

(@ Evaluate ffan"x dx .

sd. Let wz=tan'n© = du =
dv = dx = V=X

d

l+xt

ﬁ/-&ﬂn-”xd«: ’x{'ﬂn-’x—flv’<,i‘ )Jx

= xta'x - L dn 1ex?| + C




\lf)}
@ EValua—(:-‘e 5 ex Sthx cJ’)C.

Sol. Let u=ze” = du=e® dx
dv= Sinxdx = Y= = cos X
= Jex simxdx = -5 cos X +f e™ cos x dx ——\®
Now : J eX cosx dx

Let u= e => duz e dx
dv = cogxdx=> V= Sinx
= Se_r CalS X dx = 6X Sl'nx-—fe*Sfa ?(«Jx
Return +o mai'y fn{-eﬂ/a/ @:
je_'x.sin').cdrxz —e'x Col X -+ e_’x\sfnx—/e’x Sr'n?(::l'x

2 Jeszm’xdx_ 7( ( SIinx — CoS'x)

| &% (simx— cosx)+C
- je sruxdx= = ( )

g.3 : Tr{%onome&:r\'c lnhe.ﬁ\rods :

@ Power Product-s O-V- Sl'ne quel CoSrne ¢

We Wave -l':Le g-grm . 5 .anmx. . Cosn‘x e‘x

m and n  are positive,

To evaluate thi's integral , there are three cases.

CASEI: M 1s odd :

+c e'x”)rej_( {:Le_ remamug AC'&O"J ln terms o,ﬂ COSI'IQ

Then susbstitute u= co_s’x,

x F - »

i
LIS

T4 24y F{ Pl S, 7T = TR ey ot e b i ot v e Y
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: . (&
. Ex., Bvaluate & S\V\s-’)( - Cos X AK
4 ' int " d
S o, =) Simx. Swm X . Coy X aX

T S
= [ sinx . (- cedx) . cosx dx

Let U= CosX — du= -Si1 X dx = Smxdx= —du

.

—_— -—S &\-U\m)‘L o e A

= — S (\—z2u +ut).ut du ‘—'—S(U‘l- uliu) dy
R, v WP P T g S x+% Cof x—Lcob
= Shw-Tws L) 4 Cm L cos X+ Cosr-50

+ C

CASE2Z: N s odd

in -\:\A{S case |, Save one Cosine veact-or ancl ude
(cu"x: | — sintx ) +o eqcFre.rf -(:Le r'ema/'n/‘nj ﬁacf.-er.r
i rerms of sine . Then Substitute u= Sinx.

Ex. Evaluate J cass-x . dx

- 5 coes x (- Sl'ntk)x d x

sol. = f cos x. cosln dx

Let U= Sinx => du= cosXx d x

— 5(\—0\1)7—.3\& = SL\—-ZM‘--} L\\*)Au

o

<

{

°o-"r’
5o
190
v~

S

+

fa)

(l
A
S
R

|
‘,.),f)t
.
s
N
4
I,-
X
x
+
N




)
CASE 3 Bath w4 and 1 are even *

Tn this case, use sin'x = = Ces2x o 1 & I+ Cos2a
z 2
1 y
Ex. Evaluate | Sin x cos'x dx
Sol.

- 5&\*-%-‘?«'*) (\+c°szx> dn

—
—

'\E S Q= cesax). (1+ 1 gos'zx+ Cos x) . dx
= e S (\ + Cos 22X — COS-L'L'X — CO.S}'L')() A,x
& —®

Now : J Cos"2xdx = L S(\+c1=s kx )dx = "—T_'('x'"?:? sin ¢x)

And J Cc532.’)< dx = S (\-— S\'nt'z.'x) CoS 2% dx

Let U= Sin2x = dn=2ceszxdx =5 Cofixdx= du

— l.l-: SL\~U1)&mz\T[g-l§-Q}'

—

T

= —\{ | simzx-— -\-i- an_s?.'xl-

Re-é-wn to masmn "“1'3?'0-0®-’»€

. 2 Y \
— S' X - COS 'x . —_— — —-,—-—.. ¥ _' u‘—-
= S | clx =8 [x -+ = Sin 2 7,_-(7l’+ q_SFH‘I?cj

= _‘i ( Stn 2% — -‘-?;- 53’1317()1+C

\ [ \ fek st by it b 8

—— — Sin2xX—FxX- = SINGx —— Sinex+ = Sin
5 [x+L o - = Sinzx]+c
\

—
—

%
(%~ _‘4_&_ sinttx +L sin"ax)+¢

\¢ ;

/Vo-f-e 4 .G TR PR an n are odd ﬁ-f'(,'zler case ! or
‘ Cose B “win =k used.




03)
@ Producks of Sine and CoSine :

—

Vo evaluate the Wmeeaqrals : S SN MX . CoSNX . dx

S Sin mx . Sinnx.dx , and S coSmx . cosnx . dx

use +he dentikes -

?

SMmMX . CoSnx = ‘T_Y_sin(m-n)’x + Sin (m+n)x]

Simmx . Sinnx =

LCoj(m-n ) X — CO&(M'\LV!J’X]
L

Al
<
Cof mx . Cofnx = \T CQS(M_"]')(+C05(M+")X]

These \lenkities come rom the identitres [COJ(A-T-B)V'an(A-IE

_E_'X'_ Evaluate J SINIX CoSSEX clx )

=3 [ Sin 3% cosS'?(clxzsli[sin(’3-$)?(—+$"*l (3+5)% \dx

-:'.\__L S [ sinkzx) + Sin(gx) \dx

Sin(~%X)=-Sinx = Csfn %X —Stn 2% ) dx

(l
N
— 1

-\ \
Y Cos 8% + = CoSZ'X]—\- C
) |

= CoS8x+ - LS Tx+C
\ ¢ 5

4 L—COSZ'X—'—— cosgx + C
4 €




)
@ Powers of Secant and Tﬂ'ﬂ\?erzf:

Cf-\S‘E 1. OdJd quer og_- Secant :

T QWis <ase, WSe inteqratimn by PQH:S/‘”'A the '\Aen’ciij

(-\:qv\l’x = Secx —\ ) .

-

3
Ex . Evaluate [ Sec x dx
ffL J'Sez'x Lx = f Secrx . Sec_ifx &'x

Use l'ﬂ{-ﬁmf/‘cm é_y parts:
Lee u=z= Secx=> du= Secx tar % d 4
v = setx dx => VN= tan X

—— j.se-:?'x dx = SecX tcmx-J tanx . Secx tanx. dx
LS
= S€c X tanx ~.f tan x. Sec el—k
Seet Fanx - [(sed %~ 1) secn. dx

= S€c x an-f(irefx—secx)&k

Il

3 3
2Dy JS‘ec‘KcLoc: Sec X tanx — g SEC-'XA‘X*SSQCXAX

Z.J SEE’Xcl’X = Sec’X tanx + .D.n '\Sec'x-l-"tqn'xj

3 te -+
—@(Segxéle{\-_sec'x%q“x'*& | seex+ tanx]lt e

e e e P M e S 1 P Sy




\s)
CASEZ‘. EVeH Power 6[ Seca”t R
In -'c\'\-(s Case Save Secl'x anJ use CSeC"-x :fa"1x+/)

Ex. Evaluate S Seclx dx.

§.°_l: J Sec_w'x cl'x = g Seclx . Secl'x.,- A’K

= J (tanx+1) . Sec*x dx

r

[[tan'x- Sect + Secx VU

f

3
l_-ikcmx-i--!:qn’x-(-C

CA3£3: Odd and even powers o,l‘ t':q'tjfm‘ d
save -(_-;aryl‘x anJ use (*Eaﬂlx: Seclx._,)_

1n this case ,

'

Ex. Evaluate (-&ang'x dx
:s_fg. = g tantx. tan x.dx
=4 (sectx —1). tan x.dx
= (e - kar X - tan'x)dx ——@®
Nows 5 P, ST oY g(ean"x . tanx )dx
- f(Sec_l'x- 1) - Fanx. dx
- g(Sec_‘L'x.banx_ f-qnx)éx = \7_ tan'x —«pnl&ec')(l

Return 4o € ¢
/ o .
=—'5«J tan’x dx :-;—t-any'x—zpf"'" X+«Pn15§;xl+c




LY
@FQNQV Producks 05:- Secant and Tanjg”f;
We Wave e Sorm S sec_mx . tan % . dx

m amd N are FO'SI'HVE.

_’_o evc(/btq{'e f[t/'_s' ;M{'ej/’a/; (_'Lere are eZm.oe CalSes:

CASE 1. m (s even :
in *c\ms CasSe , Save Sec x anc’ use (Sec X< tarrx-/-;)

“Wen Substitute U= fanx,
Ex. EVa’w:tf-e f Sec‘fx . tanxx. elx

SoQ, — J Secix..s—ect'x' . Canx. 4’)(

= f ({,q”z,x_{_() . Secta . tanx. dx

' T
Let uz tanx = dus= Sec™x dx

= S(U\"H)-udu

= J-((Al-f-u) du = {Tuh 17:,L47"+c

) lc',_“ -&angﬂ’ —f--,% -L—q'nlx_-{-.c
CASE2Z . m 15 odd and n 15 odd :

In -b\\_:f Case , Save (Sec'x {:—an'x’) and Use
((_—qn?'x = Sectx —| ) for rfmm'm'r»fﬁ ,ﬁacf_gr, Then Substicag

= S€c K ,
3 3

Ex. Evaluate /56(. X tan” x dx.
S, . = J(.Sec_x fan?(')- Sec x --{:anz?f.c[)(

= J'(Sec’x -Eom’x) .. Sec . (Sﬁc1X—()-clx

Let Uz Secx = dus Secx tanx d x

=3 Su" (u*=1) - du = S&Uﬁ-_uj L :muf’_-—Luﬂc
| ’?Sec_'x—-—.-——Sec;‘X—}-c

{1

. A




N

L CASE3: m s odd and n i’s even :

In E\«is Case , Use <{:an1x= 5€c1"x—l)

Ex. Evaluate f secx . tan"x. dx
(Sfcl’x—-l).&‘x :JQSQC-S’X_.SQC')()&'X

Now f SQC}’)( dx :-‘I‘_Sec'x tanX -‘(-"Qn\ Secx + tan ’X\]
¥} YFrow Q‘Kamp/e /P \4 (lec,{-uffj')*

-SO-Q :f.SQC’)(.

= Jsec‘x. tan"xdx= ~ Lseex anx + Qu|secx+tanx|] —

,in.ser_'x+£-qn'xl+ c

Exercises -3 / P- S/ :
T/
@ Evaluate f “ cscte da

M/
=S < Sc G—-csc_"cs-.é&
T/y
/4
= S (c_of"G-H).CSCIG-e\&
Ty

T/~
(Cot & . c5Ce + csce\da




g
B-4: lriqonemetric Subs titutions:

T\r{%onoMQtriQ Su\as-tit-ution: enable us o V‘E’p/ace 61”2'

binomials (a7‘+ u[‘) » (a*=u?) , and (W =a?) by sinjle

Squared terms o L, many Iniportant

I'H{-&jra/.r-
In this Sulas-t'lt-u{-{ons:

For a*_y*t use u=asive , %‘%G‘i%
2 ' - ~T
For a4 u Use U= a tane 2 _‘_L<CS-<1LL

L

For U -—a* USe U=oa Secs og&g‘n s, G

—

A E———riey,

Ex.| : Evaluate J .._L—lxl d x
X?..

s, 9_x* &= a*_ut = a‘=9 =, q=73
use U= a Sine
= X=3 sine = dx=3ces o da .

and - ~|9—’X" =J9—951’n7;:j9 ()—S:’nlgT: 3 Cos o

- T
,.S 9— %% 5 S ? Cos & - COSG;A@- = j Cofl &
= j-——-&—i—_.._Ak = m sivte
s e = = do =|— Coto-_® 4 ¢
— | Cot &de = QCSCo--I) G =

Ve re\o\qce o by the variable x :
. =] _
Ni= 3 Sine —> 69': Sin (_93_(.)%5'“‘0:%- 3
From the V'f-j-erfnce l"’mﬂj/e: e
=k o T _\9-% 5
-b ::JE)?-_ At =f9__ % =3 CO-L-@__ =

Ii | \, iy _.. g =1
| = S Al dx ;-—Cot-cg—__e,_l_&:_m

= A - = - vt - — - o ———— ol
O o W - SF [T St —— - . :




\&J
: Ex 2t Show that +the area of the ellipse (s A=TTab.

Sol. Ia
(e/b)

Wae &a(un&.im g'or' i'\'\e Q\\(‘D‘Se /‘b

Yl

Z ~+ N 2.\ -

at ot

Write Y as a :-U\*\ct(o‘v\ OQ. X ¢ '

S’L = \ - .-'X—L- =) q"-_.fx"* ﬁ 31: _hl— (Q‘L— 'Xl)
W at at at
=> Y=+ %— ,io{"-'x'L :

of ellipse 1w tle S;-ir-.H.- wadrant .

Take +the part { P % 3:12-‘- —

Le+ the area under this part =4, . (o,b)%
a b
= A = L _aL_ ]qt_,xx.l [_grm A =L #(’de:] -

(a, °)

(USe X =a Sihe = dx= a coeseda

= Vat-nt = m = \Sat(l-sfhf&—)
= Jatceste = o cos

Ul.: X=a =3 dzasine=> Sine=3 = |
. =1 _lT_
=2 O =5t { = =

R - . e :-—'o- --’-
L.L:: X=z=0o = 0 =a sine=> 6= Sin = =Sinozo

v/

: /e '
= A= —l;"- L' A cose . acosede :abfo cos'e da

T/ . 1\ \ . LYAY
ab J ‘__L_(\+~:osz<s)g\.o- = 5 ab Y_&+1-S‘nze]°

[+

= -\—{q\p [(_T_::-&- o)—(o +°)\) = _—Z—QL

— Area °-"r e“{f’Se =A-= L+A| = L\’(T—L‘;— “L) = TTq‘o
—= A= Tab




Exercises 8.4/ P.547
@ Evaluate S dx

Jx®e 2%

sa, S_‘L_"‘____z S_AL___ - j d x g
JxT 2w Jx(x=2) Jax Jx=2
Lete ut=z%x = 2udu=dx '

vx =Jut=u
Jx-1 = u‘-?. Fa

s S zZudu ., 2_; du
ut-2. Jur-2

Ur=2 <> Lioat in which atz2 = a=Vz
Use W=a Seco => uz=JZ S€ce =3 du= {7 Seco targ da

Jutz = Jesete 2 = J2 (secte=1) = J2 tante = V7 tans

Jz seco tane de
— ?-S -zJSec&ée.—_an se ta
: = co +
JzZ tanes \ "0"“

We have u= J% Secs. =5 Sec o=

Frow reference %riqnﬁ\e:
Wx) - (y7)* = Jx-2

= tans <= -—ﬁ%
——?S 'A':_zoc: 'lﬂnldd__—_ J;—-,+C

:)«V\ (\)x _\_\lx_—m ) + C

9n(°‘+z‘r- ‘3? X2 N+
=

‘-‘le\ (z_/x.;:q_ —+  ;7(1-'2.'$( )+C
= A (B ¢ )t e
An (x=1 + IxFmzx ) +c

1




@
'.E'g:th‘:l'anl Functions and Partial Fractions:

Sowetimes We need +o reverse tx\.e ra tional s-\md:\'c-v\
to smallev qu{-i'a\\ Yractions to Find dhe '\V\&:esrql.

1t we have the vational fFunctian ';'((K)) . We can write
X _
the Q—\mc‘cim ___‘f"(:)) Al a Sum 01 qu{-\'ql frackions \9,:
4 (X

- The ée.sree og. ﬂ-(x) \s \ess {:L\qn Q\e Aes\,ee of 9(x) .
15 ik isne use the \mmj division .

2-We must know *:L\e g-'qctor.f 09- 9(x) .

We W'l\\ S‘t“é_\’ g—our Cases :

CASE 1 DiS{.‘iHC‘E “neqr g-qcforj oﬁ 3(7():

fexy _ A B c
= + A
q(x) X+, a,X+b; A3X+b,

e

Ex.| . Evaluate EXx-3 J'K
xt_2x-3

S, 5%x-3 - 5x-3
qt-2xX=-3 (X+!)(X-3)

Ex-3 - A 7 B
(X+1)(x-3) X 4 xX—-3

Multiply both sides with (x+1)(X=-3):

= 5x-3 = A(x-3) +B(xX+1)
2 = AXx -3A +Bx+8B

Sx-
= A+B =5
¥3A+8B =33

subtract

A = 8 =A=2 ¥ B8=5-2=73




%’9
= S 52(-3 dx = S( E —I--;i_—;)«lx

xX+1

= 2 dn x| +38n)x-3) +k

3
Ex.2 : Evaluate 3 2N~y X 15X+
Xt ~2xX—-Q

dx

Sol. First Uuse \043 divis{an [\oecquse degq.of g.('x)><\_Q5,°-?- SCK)]

2.X

3 2
LY =YX IS +S X+5 2 i
, > P O X -2% Bi ?_xs Ux-15%x+5
F2xXuxX16x \L

Now X+5 - _Xt5

X-2x-8  (X+2)(X—¢) X+5
xX+5 N S
(X+2)(x-¢)  Xt2 xX-4
Mu\ti‘o\_\j both sides with (x+2)(X~-¢):
= X+5 = A(x-¢)+B(x+2)
x+5 = (A+B) X —¢A+28
= A+8=1 [¥-2] => ~-2A-2B=-2
 ~4A+2B=5 —0 3y -4A+2B= 5
s Add
-6A=3
| 1y o
= Az —— b a 8:1—(—-—7:)..3.
_I
e g?-x 4XISHHS ) S S 3
X*-1x-g L ¥ +“Wj dx

Ti¢% 5 ?(+2‘]+}2~Dn]9<—4l+ k

\




@

TASE 2 ¢ Re.?eq\:ec\ \inear g—actm'_s oﬁ 9(x) -

Fox) A B8 C

- o -

3(x)  axtl  (oxtb)t | (ax+b)?

Ex.1: Evaluate S €Z<+?- d x
A +4¢x+ 4

ExX+F . eExX+¥ A B

X +4x+4 (X+2)s XH2 +(7T+,_—)z
Multiply both sides with (x+2) :

= 6X+F = A(X+2)+8B
Ex+2 = AX+2A+B

= A=¢ ond 2A+B=F = B=F-2A= F-2(€)=-5

Ex+7 B o
= S————"—x +9L’X+</A J s (x+z) ,1dx = G»Qn\'x-#-z]-i-x_‘_z +K

Eoc.2 ¢ 55'x +20X+6 4,

— X342 +X
Sof. S5X*+2wX+6 — TX 20X +6 — 5X-+20%+€
X3+ 2 X"+ X X (X +2x+1) X (X+1)*
Sx*+20x+6 _ A _ B < Both cAsEl
x (x+1)2 % TR+ MTTOE L Cﬂ&:‘g)

Mu\ﬂ?\_‘j both sides witl 'X('X-H)‘L

= 5x'Y+20x+€= A(x+1) "+ BX (X+1)+CX
Gx*+20%x+6 = A(X +2x+1)+BX 4 BXx+CX
Syt p20x+6€ = AXT+2AX+A+ BX+BX+CX

sor420X+E=@A+B)x"+ (RA+B+C)X +A

=3 A= & , A+B=5 =>B=-' ,2A+B+C=20>C=Y
5x*+20X+6€ \
S X3+z7<z+xax—5i-~ Jx=gln]a|<dnlxni|-2

X X+l Q)ﬂ-)‘t

X+
+k et




&Y
CASE3:Distinct irveducible quadratic Sactars o gexy:

foy _ Ax+B g KD L ExtF -
Ix) A x“+byx+C, QX 4bax+C, azX“tbyx+C,

T
E%x. Evaluate S B STAPR

x> +%
Sol.: 2%'-5x+27 o x“sx 42
| AZ+x% X (K )
22X~ 5Xx+1 A R
=A_, BX+C Both CASE! ¥ CASE
X(XT+ 1) g :

Multiply botl, sides with x(x™+1):

= 22Xt px+2 = AQXYH) + (Bx+C)(x) -
2t -5%+2= Ax"+A+BX 4 Cx
 ex*o5x +2= (A+B) X+ CX +A

= A=z=2 s c=-5 , A+B=2 = B=2-A=2-2 =0

B HY ) y 5 ~1
| = S 19{X3+:+ clx::S [ %?- = Adx = ?_ﬂn]'x]—s‘fqn X 4k

C AR
A5 L " gl




e
CASELI»:Re?e,q{:QA irreducible q\,wxérq{:ig Factars of g(x):

$exy _ _Ax+B  cx+bD . _EXHE_
9(X)  ax+bx+C (ax*+bx+c)*  (ax*+bx+c)?
T 3
EX. Evaluate 5 Ao Xk TX Sl
XS + 21X 24X
s, V=x4axtox3 oxrex-x O S S
X424 % X (xF4+2%%) x (X*+1)%
O St S BX+C | PX+E  Teaseveaseq)

X(xEx e X (X*+1)*
Mulkiply both sides widl, (x*41)" -
= \=X+2X*=%X> = A (1) 4 (BXA+ ) (X)X +1) + (DX+E ) (X)
2 d = A2 ) + (BX+ CX) (3 H1) + DX+ Ex
macp 2t = AX 2 AKX +A +BxleBY Y X+ Cx+DX +EX

a3 = (A+B) X+ C X34 (2A+B +D)X + (C+E)X +A

= A=

A+B8B=0 = B = -1

C = -

2A+B8+D=2 = b=

c+g=-1 = E=o

\— X423 \ (=x-1) , «x

=>S X(X2+1)2 JK—stx'f' 7<"'+l+('x~"+'|'j7-13*

- [ Ja® B0 9 x
_K[ K. x4 xz'—+l+mzléx

\

\ 1 - .
.= X'\\?‘\-ER"!\’X +||-'|:qn ‘ X - m-{-

k




s/
“The Substituti = A\
e tution Z = tLan (_z)

Wiy Swostitution ig used

in rational gx-vmd:ions t\f\q‘c Contan
(Sinx) and (ces x) - |

In this substitution , the values of (5inx) and (cos %) are
t’e?\qce:\ \oj the Variable 2 .

The substitutions are : e

; 2
_Zz'l"l Zz"+ 1 22'+I
" E%. Evaluate g dx
\—-SinX
2d2
sb fde_ o (S | BE- 4,
\ — SinX s _-2___1:_.'..__— 21_‘_‘_12 - S‘—z‘—t :
' | 2541 = e ~2Z+|
3 Z541
z 2
= 2 S = — 4+ cC
&Z-)* &= -1
= -5 = * C
tan(E) 1

’ 86" us""ﬁ X"\*:earo\\ Tables :

Tn uis method we Compare the (ntegral wi'th the tables
.of \'nt-ejml ﬁormulas-

For example : f dx = A K
M X (3x+4) 4 A ‘ 3IX+4 I i

Tis solution comes Lrow the lfolfowmj l""ﬁ'ej"ﬂ] Formula

in the table :

o P B
X(ax+b) b axap | T

\/\)\A.eve o =78 C‘AH.A \o—_"-l-.




\&t)
8. % lmproper lnte%rq\si

e 'm\-.-ecsrq\ is called improper (n{:ejrql o
\= ™me inkerval of \v\\:QSY'Q\ (s inkinite.

2- e Tunction (inteqrand ) has c\iScontinuitjj'

_‘-SPQ 1 anr'\\r\'\te_ Ankervals:

); J:;(x)
Delinitions:
O 1t St Fx)dx exists then : T~ y
[«] .
S ﬁ(’x)h(-yum St fox)dx . * t
t—>oco ' 3=f'(7‘) A X
:) 1§ S Fixydx exists then - 'M
b Y <
d ‘=yl'm ( )J . ' o
Lm’r’-(x) x t_’,_oos fCax ‘x ' 'b

x b
@‘W\t improper inbe3rq\; ja ﬂ(’x)d‘x. OMJJ flx)dx are
- O
calle) Convergent i £ the \imixs are exist , and called:
livergent if the limits are not exist.

D 1t S: fFexydx and 5:0 fex)ydx are Convergent then :
[T femdm = (% e dx+ [T Feodx
oo =00 =

E?Cqmp/e.; . ,J‘; S:Lx’i. '
Ex EVqluaéefl ?c"- , J
t
So-Qgc"K_[] ‘-‘T:]‘*'T:' o‘] ! x
At e
t
= | Sl §AZ <

'xt £ — o0 Xt




\&0)

(-~
Bz Evaliate S dx
| X

t

ch\, < /Q{VH ﬂ. :',Q|m Y_&n\')(‘] "1\"1 Lx'\\t] X'\1]

t—yoo ' X L ax

= &\w\ Xn\f\: Dnco:%
+ - o0
- \
_— S‘ A7x 'S c\'\verjen-l:. ~ )ﬂzmt

E'X‘-_'SV‘. Evalua te g°° —c—&—’E-_._._ : ° X
= —eo | YT

s g:s;cmxz [ seadns {7600 dx

-— 00

__,Q °© dx_ e
tm ——— = XM [_{.-cm 'x"l

Lism [ta'n“?-o —tan't] =him [~ G e] == ((L)=T

& ——00 e
. . | A
g j d x = N S dx =R im i"cq 'X] = fim B:ﬂﬂf: tunm
| @ I+X* gemea ° \t+X*  t—meo t—yoo




\&L7)
‘1’5‘,6 2 : Discontinuaus 1n-te3fm14$5

' Sa y=Hx ll
_ Definitians - I'
® For $(1) with La, L) : g I Ly
= t a t b
(" fe0dx=Rim _ § Fox)dx . e
= t—b ) : Lé
: \1 L - |
@ For £(x) with (o, ] - l
o L o = "x
(, F0dx =2im Lo dx at |
‘ t—>at 't 2
‘j,r h ¢ 9=FCx)
@],Q £¢x) discentinuous at c : :'\<{\
b c b : l .
[, feodx = [ fOodxsf Fmdx 3 I
: d x
A l
ij\ Evaluate Sz. e o . .
sell. $(x) is discontinuous at x=2 ﬁj fex)dx= Dinm, S{_ﬁ(x}é._
= A A4S t—>at
¥ S Jd«x _’Q' 5 dx _ 0. 5 |
= SZ Jx=2 -{:—’mz."' L: Nx=2 _;Q-‘—:;Jtzmle
=3"M+.2[\|~-—JT-'L]:?_[E-°] = 2V3
Ex2: Evaluate | 3%
' 6 X-—| - | 3
G 8 0 dsanemnns ¢ e e e
ot dx . 2 s t
New : So ot ‘3'::1_ o S =;p_’:"1_[52n | x-1) ]o.
TS N S
e i Jdi S Sy
'@ So ) tS : ’Vﬂraen(‘ %WQ J_o no+t )?eecf to EVq’uq&f _dA

I X~1

3 4
X __is divergent.
=D So - 'S ) 9gen




| ™~ R
: - A e - .. o e — — T‘ET :\c ol
—, — "“.&-_"'Tﬁ‘."'_';\‘“"'
¥ . 3
'
| ‘ e r.:-'
|
l 2 : e i
b= - i Y g 2P
--;-'; 3 . - ) s E 5 ' L
' . _ i e
= y : ‘ . E. rf{
L = = - . ' - =1 1 - AR Pl s = = 2
L g |
B 5 § y ’h‘ % YETI ey
- 4 s = I > ... 3 <! -
-Eﬂ‘:ﬁ—':? K 1 A o =1 R RY L A 5 ;_?"u&l’i:‘i'#.!# .j‘,‘ Ll ;:;:3'. ST '
L= T “« ¥ 3 I
o r »
e il = ’.‘1"- )
- i L
#* 'l’!- 1 5
_'_H’:i: e ‘I' - I b <t e 3 I
a o ! l
] = b o o = = 4
| s [--_*? % - : ‘ ; b
!i_r 1} . :_,_ iz :ﬂ-_ ol ) . : I I st : ‘
t: I l'wﬂ 3 J - L [ hn, i - = . g{ _ 4 ii' ‘. oy, ]
R A —=tie 10 2 s : =1 e Sy - 5 v )
, 'U' : ST i T - ! : . I Tl ' SR RS ==,
‘c“ m“, Ij"l n.l»-lﬁ- e = J e _-.,_”,J
i ) o - B b= =l ] g )
iy - ,- g li N v a
T (g k | B TR T T E.'I'W i b4 W ¥ L
' - :r i ":'H'(I' s *‘ el - J:-. ke o riﬁ w ¥ i " # |
T - L d = ' ‘-g, L 0 i i 1
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MATRICES , DETERMINANTS AND CRAMERS RULE

Matrices : Matrices have Many applications in Science
and engineering .
b 2 |
A rec'\:qv\a\.\\cu' QT\’QJ d‘x. V\uM\oer_s \xke A -2 o <
\s called a matrix,

Matrix A has 2 rows and 3 columns,t\«_en A 1s
called 2 by 3 Matrix.

Each number is called element and denocted by ajf
where 1+ no. 0{. row =nd {*no. °£, column .
Fcr ex‘qw\\ole Ay = 4 sz':3 > M3zl 92 ---

1?- -E\xg Y\umber Cfg- rows e'.j.LUtIS {o ‘E’L.e HUMAEI'- g{

columns then the ™Matrix 1S called Square MaeriX. |
<mqtr,'x o.p order N in whi'ch n:no. °¢r°°"5 Qr C°'W”’"§

Eq,u_q_l mMatrices have '\c\en'l-:ic-%& C°We$?°“3i"g elemenis,

For examp/e [, _1] 9"]

_& Find %,y and Z ;

[52]<[¢]

X= ¢
X+2=Y = y+2=] =2 Y=¢
23—-3-—-2-' == 2(()-3=2 =2Z=9

sd




T —
A

@

D'\qaawa Mq-!:rl',x. Is a S‘?[,que mAatrix W'lteré ol t;:m
elemesﬁs are zerces except the principal (or mqm)

‘ . 3 o & 2, w ATy - : w s
For eKqM?e- o <2 Q} oo "- I

Q o (+
1:\&»\-\:'1%5 Matrix (I_) +1ls @ é'\ouswg‘_gnq-erip( witl\ tlxe

elewents 04_ ?r'w\c'\qu clioxacmql areé ones .

le \ 0 : 1
Fgr' Q.XQMY e [ i C: -l 2X2 l&enkl'ﬁj MQ&"I?( ‘
\ Q [ . q
Q Q |

Addition and Subtraction a.(: Mni:ric-e.s'

Ex. | (Addition) : Eg > L\--k LG 3 5] [,':?]- lj‘]
Exe (Sbetmckion: |2 %7 [3 -J [ :,

Multiplication @ matrix by a constant .

S |
Ex. Acz -
2 €

7 3
= 2A = 2/ -3
§ 24

b ] =3 |-¥c sl i o
_ - - ; 15 =




(.V\u_ltiplif_m’cl'aw of two Matrices: @

We can ev\\\:\ mu\k'upb tWo Matrices l'f -tlle number a/

celumns in S.‘\rst matriXx eq_um\s ‘o fl’\e number 0\0 rows in
Second MakriX,

We r-es.u\%:'\nﬁ matriX Was number G‘K. reaws Same &S g—irst

matrix and number of columns Same alf second matrix,

For escqw\\:\e: L2x3 Mqtrfk] *‘[3 X4 qu"l'k] :[le-p- Mmatrix

How to “"“\’C"P‘) rwWwo mMatrices ¢

Ay Qig
d ]n wWw x [ =
< + L} z} AVH'MH]
a ey Q22
Ex.{. o =\ 2% 3 =
{4 J 2]* [‘ 2]
€ |
) o (3) -1(V) +2(¢) o(-l)-\('Z.)-I—"Z.(l).. \\' o
- 4(3)+ (1) +2(€) 4<-')+“(7-)+7-<')]:[35 Zo}
Notes'.@ 1§ A s a maxrix then Ax1I = A,

@ If A and B are matrices +then AxB may be nor
€?_uun/s to B XA .

Ex.2 .

Lf fo;sil/e, Lrnd AB and BA .

-2 | #
A=z [ 32 -1

o 2 -C:] - B=[¢} g 5_]
ﬁ; AB net possible :

BA =[q.(-z)-:(3)+s(9) 4Q) -1(~=)+5(=) 4(?-)—!(0)+5(-..)J
- Baz U 15 23]




Ex3 Tl

(o]

sk [%(ZJ-EC#H 0(0):{ [l-zﬁ ~2-464

Cos €0 —Sin 6o o 2,
Sin 60 Cos €0 & ¢
5 o

= [3{(1)+.!T_LL;)40Q0)
o(2) +o(p)+ 1Co)

—

De terminants -

With each Ssru:re Matrix A We associate o number
called determinant 4 A , denoted LJ (Ae*,,q) or ( \AD’
caloulated ¥rm ’\l»e Q\emen{-g O-K ‘L‘LQ natrix A .

How +o caledlatke the determinant P
Fif‘.S‘k we AQQ—{V\Q 'E\&e_ Minor qs\l Cog-QQ’fQY‘ !
Minor : TThe wiiner e*g. the element q{j‘ (s "'l‘-e Je-éem/‘qq,,zc

’c\»\q'(: remains ﬂ-gter we Aele‘l:e ‘tl\Q rew and Qo(qm,,
Con-l:q\'uiw_j aiy .

: L
i AR K Ls\
A3/ djze2 133

: ’ Az Q2
the winor oy, IS
O& =3 a3 aze

s ey i+
COS-O\C.'EOV';T‘\{ Qng,.qgw -&_ &-\-‘\Q Q\Q,W\Qn{- qU Ky (..')
| times the mmor of ajj. Its Symdol /s Aij .
For -l-\~e \as+ AQ‘\:Qr‘M’\'hQn#:

A "Q’lz)ihz \q“ i (B TR (T
£ 3 - agg lq:u a33

Az = g—-\) '

aw afg la—-ﬂut arz
a3 azaf a3z; aza

L




We S'\%\\s grar‘ Co-"-mc-kmr-s qre :

+ - ot
- 4+
+ - 4

qumla{-(nﬂ 'bl—uz AQ{:Qr‘M\'v\a\nts :

—

® Fer L X 1 determinant :
\al =
Ex, [-4]=-¢4

@ For 2x 2 detrerminant :

: : = ad - ¢cb

s I
Ex, \?__s = 4(3)-2Q) =lo

IX3I dererminant :

For
® 2
) Copy the T and
2" column
> @ @
E«x. L :
Ex. 1t g L
A=z "3 -l <2 g-\'ml Aei:.A )
< 3 |
-~ (~¢) -(-! _
sy ) -3)

4(=2) +C9 <@
=3 det. A= ~'Z.-7L{-+2.7.+€+|2"3 = 3§6




@ For de.'t'erminan'ks "-"g any size
TMis wmethod <alled (expansion by winors)

az\ A d1ny

an Ay az
st
\ = an Ap+ 2z Az + oy Ay (o £ row)

agy G3. Ay
or = 972 Al Q2 A’L?:';;l-Qsz A3z (?,.m anulunn:

ar &-rd\M Q’“ﬁ oW or Qe\umn,

£ o s\'M?\'\S;-j A Q“\QMLQ'E\‘W,{TAL.Q raw or Q:l\um,.‘ '-\Jl"t-l‘
qreater number Q{_ Zeroes.

Ex. Find *t"\( AQ'&Q"M’\KQB\-E &.Qf !v\,\( ot X s

2 \ 3
A= [3 -\ -2
2 3 \

Ay = (—\)W = _':' J = (% 1)-(3%x~2)=§
3
L+ X ==
Ay = () i :_, --;{G**)-—CL*—&)}:_;.

+3 13 =l
= L= _ :L3*3)-(Zx~—1_):||
CRCTIA
=> det. A= Au An+ diz Al v a3 Ay
= 2(5)+ VP+3 (1)
' s '_'56’ : ; _.(Sqwu_ resul# wl’-l--l\ lq3+ exa”ﬁ/tj



' —\-v-qns‘PoSe ‘OQ- a MatriX (AT>: @

Te s e Mmakrix cbtained frowm {"\'\:ﬂfc-\\q'\ﬂ\'nj e
rows \93 Qc\umns.

34 3 2 5
Az lz v 3| = HT:LQ -7
5 % 8 e 3 84

e inverse °g- a Mmatrix (A-‘>'-

Ex.

e nverse makriX A-l g—or 'E‘»\Q mMatri’X A 'S ‘t\'\,-e
MaXviX n W\’\\'c\f\ A * AT =T,

-1
We will S-\-u&n two Me-t\\oAS to 3—1’&4 P' 3

Me+hod 1.__;, By \As'\y\a the determinant o’f. a matrix
(Sor 212 wiakrices only):

. 2 -3
_E_$; Finwd A ‘ Yor A = ‘_L‘_ ~%
sd. - ®1v\-\:erc\«q-«ae_ main AI'O\ﬂWaQ elements :
-+ =3
= [l!- 2. J

@ C\\q-\-ﬁe s'\sns o& the other WO elements

= 3
> [} 2) _ |
@ Find devp: = (2%-?)-(4¥*=3=-2
|
@ Muleiply resule From step@ by to get

det.A
the inverse of the MatriX

- -3 3] _ 1 —F ’3]_[36‘ -1.5
= A " det A [_;; 2. -2 -4 2J 7] 2

=1

For checking: -5 _23qr3s -is \ o
[4 -1][2 G ]:L \ ]: !

0. k_
=R




- ®
.‘Y\QS\‘-\’,\G&, Z By “5"";7 qﬂ{}'ofni' MatriX methed \J
( For mMatrix o—g_ Any -s,'zg) :
(A—I - O\A\)- A W\\Qre O!A\]..A . QJJ.O"’"( of A '
det. A

e qé.jofuic Matrix 1S x-ounJ l’j N?\inrg uc.L elemeq-t
in the matrin with (s Qoimc{:or, :

1 and then .g-\',nél"ij the

4

-!:rqr\sPoSe o_ﬁ -l:l\.n_ \r‘ﬂsulwakg matrix,

Ex-1: ¥ind A_' ER A = &i ‘i -_13_)
4. ~F 2
sod - @® Replace elements with colactar: o B Frher
An= G*2)-(-7 ¥-3)=-15 i
Alg =

Az =

', Alv=-12, Ai=19, Az =€, Az =-59
=25 A3 =-15, Azz= 15

+(=15)  -Q2) +(-12) -5 -2 -2
=|-19 3 59
-2 5 15

@ Tran spose {-}.4 madri'x oé-z':q fned

=(19)  +(6) -(-57)
+(-2) —(15) +05)

Prowm step (1) to

Lind  adj.n s -9 -2
Q.cl.',h-_- -\2 6. -
Setine |
@F\'HA det. A
==y det.A = 5,,_ g _’3 = 5(~15)+4¢(-21)==159
¢ —F 2
(™) Find A_‘,:

- Wﬂ&j A i -|5- -19 -2l O.-oéq 0:119 0.132"
= AbGANE_pe 12 o 7 o
o =B 2159 [ & 15 |=lo-0ts —0.03o.0m

AN R -8 9015 —0.3F] =0.0



o 3 =3
¢ -4+ 3

Ex.2 : Find A—‘ ‘ﬁOr A= [_Z ¢ ! ] @
-1 s Sha 3/,
Pns, A = [\/r \/6 \//;07

/S A6 \/le

b/
Cramers Rule:

o

erme":’ R\L‘e “S L\-SQJ ko SQ‘V& t-\\g'Simulé-ﬂﬂEORS ll.neq',.
e.sruqf‘lms.

I§ we have +he Qq_u-&-'\cms ¢ nzne. of rows .

=ne. OL C,o\uhns
an X + Qg Xg + - + a5, %, =by

az) Xy + A2 X+ ---- ¢ Aoy Xn = 52
': '.
[} : { b
! —aaw I q',‘ ﬂ'n = 4]
Ong Xt ¥ an, Xz *+ "
A Qi e Q|“
t }
A= [, \ \3 ' ™aktriXx eg. °°es'$-'tc'\en{-s_
O Gne ann
- %
X = 9.:" matrix o variables
-%Xn J
[ b -‘ : ) ,,£ canstants,
" u ba matriX

g {A"Sixs =\*}

det.A (W\"E\'\ re‘b\qcing the column ( with L)
" det.A "

—_—,>\ Xi =

Cramer’t Rule

|




‘Ex.‘: Sa\lve 39(-—‘3 (i~
’)<+7.3--¢_
sol E
cleﬂb.A“ \ \ 2} T €+ =2
V2 2] )
xX= '7¥% 2 _ \8-4 % -2
+ * 7
\3 9 ]
y= 11 01 _ 2R e
E pa

Valwes "Q, X ¥y wmust SqHs-f-_tj -&:l\e two Qq.‘&ﬂt&ious.

Ex.2. Selwve 2R+ 3IY+Z& = 2
# —X 4+ 2y +3Z = —|
~3IX-3Y4Y+Z = o
sol
. TR
det. A= \ -\ 2 = |= 2(”)*"‘(6‘)"3(;):?
-3 =3 |\
- . |
T
X= 28 mg ¥ 20 +1(6) - LR 7
7 E
2 B
e B - ¢
J = =5 NG | 4 ’2.(-[).[_1.(2)_‘3(_?.) __;'2_|
7 7 =TS
2 B D
o - —~Il
3 e =% =% _ o 2(9)+1(3) 2
Fint oo e

Values o %59 V2 mu;h..)S#f'Jv_K} He three e-g,uaé;'crm.

T -

pr— s — e ——
[
'y




@

--J‘ch-u\ s—qcts Ol\oout ietermfnqn-t.s N

O 1L we rows (or coalumns) of a matrix are 'lAent('G_ill

Jc\\e &eterm(mqw{: is ‘_E:Qf‘o.

Ex. A = {2'3 _“ 2‘] — det. Ao
2 | because ft °f'3"d YW are '\len+;cq]

e

@ 'S.V\-terc\'\qnj'ma two rows (or celumns) A a matrix
c\‘\av%e_; e s'\sn 0‘\. -@«.q determimant .

Ex. A= i _\\-X = det. A = (2%-1) - (%)= -5

5'-‘-‘-__‘\ Fé]-@éck.B: 5
[‘_154' calumn wirh z“‘l éﬂ\umﬂ—x

@ Ae-k-,. QT = det. A

@ Mul{:ipljfrg each element o; a rew (or Q\umn) by
comstant C mul'é/,o//'es the determinant [‘vj C.

Ex. i 2 T "30) 3(2) 3 ¢
A=< 3 - ey B = ~, s =l 7 -

- 3 ¥-F =-2]

cLC{'.A:-? - det. B

@[F all elements a,f a matriX qb_ave(or \gg\ow) e main
zeraes, then {'L-e determinant o{ the matrix

the elements o7 the main J’.‘U"na/.

diagonal are
,'s‘yfl\e product of

Ex. o
R E z. 1.: =$AQ‘=°A:31HK~2_'=G
s 'l -1 2 '




R

Ty

a wule

| LRRP=
= — w—— e
r

Y \

. —




